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AIISTRAC;’T

A  s t a n d a r d  problem  ill ~ti]]]l])i]-]il}’ astro IIol Ily d a t a  ana]uysis  is the clccon3po-
sition of a set of observed coul)ts, descr ibed by ])oissoll s tat is t ics ,  according to a

given lnulti-co1131>ollellt  Iillcar nlodc],  wit]]  underlying ljhysical count rates or fiuxcs
which  a r e  t o  be e s t ima ted  f rom tllc data. l)cspik  ik conccptLlal s impl i c i ty ,  the

l inea r  l ea s t - squa re s  (1.ISQ)  mctllod for  solving this problmn  has gcncral]y  b e e n
limitccl to s i t u a t i o n s  i n  w]lich Llle l]lllnl~cr  ?li of collnts ill cac]l b i n  i i s  n o t  t o o
slnall, convclltiona]ly  ]norc tl]n]l 5 - : 1 0 . I t  SICI]M to k ~vidcly  bclicvcd t h a t  t h e

f a i l u r e  o f  t he  I.I.SQ n)ctllod for slllall collllts is d[lc to tllc fai lure  of  the I)oisson
Clistributiol]  t o  l~c e v e n  til)l)loxilll;)l[’1~”  IIorIIlal  (or sltlall ]Iullllxm. ‘1’hc c a u s e  i s
Inorc ac.curatc]y tllc strong anti -correla(  ion 1)(’t\v(’(’11  111(: dilta al](l Lllc we igh t s  20; in
t h e  wciglltccl I.I,SQ lnetl]ocl Ivl)cl] W iilstc:ad of  fi is Ilscd to a])proximatc t h e
Ull CCrta.illtiC!S, ~~, ill t]l~ data,  }$’1101’(! i/2 == 1’:[//i],  1]1 C CX1)C’Ctd Vdllc! Of ‘??. i. WC S11OW

in an appenclix that ,  avoiding this  :~1)1)1’oxilllati[)ll, tllc mrrcct ec]uatiom f o r  t h e
]]oisson 1,].S~  (}}]JLI$~) Prob]c’1]1 dl’(’ a~tlli]]]j’  idel]ti~a! to tl)c)s~’ f o r  tllc Inaxi]]lum

likclilloocl e s t ima te  u s ing  tll(! cxac[ l)oissol] (list  ril)~ltioll.

Since wcigl]tcd  Iitlcmr lt’:ist-scllltllfs itlioli(s a ki]]d  of Iit:iglltcd averaging,  IJISQ
cstilnators generally  ])ro(lllcc I)iase(l  r(’s[llts  \rlIcIi 1 11(’  (Iata aIId  t Ilcir Jvcigllt,s  a r c
c o r r e l a t e d .  V7c dcscribc a clilss of iv(’igllt(~(l l ) l . l ,  S()  (’stilt)alors \\”llicl] arc  li]lcar
f u n c t i o n s  o f  tl]c ol)scrvfd  {011111s.  Sil(lI 1)1 JIJS(j  (Isl il]]a[ols are ul]l)iascd illdc])en -
dcu]t  o f  fia, Cvcll wile]]  tllc ;it.cr:lg(’  1)[1]111)(’1  01” collllts ill a]] (~tltilc J/ i s  ]]]ucll  less

tha]) one.  ‘1’hc:ir variallcc is a I]li]lil]lll]ll \\’11(11  tll(, iv(,igl)ts  arc c a l c u l a t e d  f r o m  Lllc
irue v a r i a n c e s  of tllc da ta ,  l~ut ill g(’])(,r;tl  [l](w)  ;IKJ Ilot a c c u r a t e l y  l<nc)Ivn. I“ortu  -
natdy, the variance of’ t]lc csti)llatc is a ~rcr~’ N’rak ~u;lctio]l of t,hc Jvcights near  the
o p t i m u m  value, so for tllc 1)1, I,SQ ])rob]clll it is cils~’ ill practice t,o f ind weights
that a r c  v i r t ua l ly  ideal, yet still coll]]>lctcly Illll)iascd. I) I,l,SQ e s t i m a t o r s  w h i c h
a rc  l i nea r  i n  tile data also allolf’  fitting Illultil)lc data sets l~y tllc c a l c u l a t i o n  o f
oIIly  a  s c a l a r  pro(luct, IVitllollt (11(’  tl(ml to rt~l)LI;It  tli(, tl(c~ill]lll:itioll and s o l u t i o n

of the IJIJs~ c’~]llatio]]s. llur a l so  10 tllc Iit](:lritf ol’ III( mtilllalm ill tllc da ta ,  each
c o u n t  conhibukw  to tllc a]lsfv(’rs  il](l(’l)(~lltlrlll  1)’ ol c1(’1)  ot 1](’r,  so t lIat  Llle results
f o r  sn)al] bills ar(! ill(lcl)c]l(l(]]t 01” III(J l)i]l[i(i[l:ll (lloi(( c)( I)illt]it]g.  ‘1’llis  ])rol)crty
]]]akes p o s s i b l e  1 ) 1 , 1 ,  S ( )  ]i)(~lllo(ls  ivllicll  :Iioi(l l)ill]lill~ tll(~ tlata altogctl)ero  SoInc
altlcrnatives to  tllc al)proxil)lat ion 01’ t II(’ llllc(~ll;lil]t  i(’s it) tll(~ (Iata by  tllc s q u a r e
r o o t  o f  the ohscucd  cc)unts arr (Iiscussml.

W e  a p p l y  t i l e  m e t h o d  t o  solve a ])rol)lcl]l  ill IIigll-r(sollltiol)” gal]llna-ray  spec-
troscopy  for the JP1, lligll-l{osol~ltio]i  (;aI)I]Na-llaJ’  Spcctrol]lcter flown on llL’A  O
3.  Systematic  error  in  suhtracti]]g t 1)0 st r(JIIg, IIigl]l!’ iarial)lr backgrou]ld  cl]coun-
tcrccl in the low-energy ga[l]]]la-ra~ r(giol)  C;III I)(’ si:lli(ica]ltl~’ red(lcml IJy c l o s e l y
p a i r i n g  s o u r c e  at)d I)ackgrollll(l  (Izlta ill sl)olt s(,gl]](llts. Sigl]ificant  rcslllts call bc
bui]t u p  b y  Wcig]ltd atrcragillg  11)(’ 11(’L (lLix(Is ol)laill(’(1  frol~l tjllc sulJtractioll o f

many  i nd iv idua l  sollI”cc/13tlcl;gIc)IiII(l  ])ails. IIslcllsiotl of tl)( al)l~roa(ll  t o  colnplcx
situa.tiol~s, w i t h  m u l t i p l e  cosll)ic sOLI1((’S al)(l  r(’alisl,  ic l)ackgro~illd ])ara]lletcriza-
Lions, requires a mcwl]s  of efficic[]t  Iy fit t il]g 10 (Iata Irolll si]lglc scans ill the narrow

(X 1,2  keV, f o r  llEAO J) c[,crgy cha,)*,els ol a (:c s],fct ro*]lctcr,  w h e r e  t h e  cx-
lx:ctccl llulnlJcr o f  coul]tjs  ohtaillml I)(SI  s(all ]]ia)r I)(L v(’r:’ lolv.  Suc]l al] allalysis
systc]n i s  discllssed a])[l com])arc(l t o  [11(’ 111(’tllo(l  ])roi’iollslj”  llscd.
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tion about t,he scan- l)y-scatl analysis IIICIIIO(I  as
implemented for }IEA O .3, descril)i]lg its COIICCI)-
tual basis, and showing, using actual data, Iloiv
it has given improved results, \\re l]ave l)revi-
ously published (Wheatou  et al. 19S8)  a study of
the advantages of the scan-by-scan approacl]  lis-
ing Monte Carlo simulatio]ls  of an idealized ex-
periment.  Some of tile bendits of tile scan-lJy -
scan approach should be al)l)lic:~l>leiootllcr  exl)rr-
il~le)ltss liarirlgs  inlilara  llalysisl )rol)lellls.  Alla]ysis
of point sources by the Earth occultatioli  Illetllod
for BA’IXE (the Burst allcf ‘1’rallsicnt  Source l:s -
periment)  on the C0711pt0n  Gamma-lby ol)ser\a-
tory, has used a similar approach with very sat-
isfactory results (Ling et al. 1993; Skcltol]  c/ al.
1993).

In section 2. we discuss the flEAO  3 coIItexI
and tile rationale for the scaII-l)y-sca  II a[)proa~ll,
with particular empl]asis  011 t i l e  pl’ol)kllls  1)1’(’-
sented by the background \’arial)ility  cliaractcristic
of experiments al~ove shout 10 Ii(’\/, It] sec(ioll  :).
we estahlisll  some llOtil(iOll:]l  collv(’lltiolh  aIIil  tl(’-
scribe source a]ld coull[ rate i)]odels tf]at I]avc lJc(’11
used for IIJ;AO 3. III section 4. we revif’iv tll(’
standard approach to )vcigllted li][llti-[):lri\l]~{>[{~r
Iil]car  lccast squares  fitting  to I’oissoll (Iilta,  a n d
show its relation to w’eigl]te(l  averi~gillg, a rt’l:ltioll-
ship which clarifies the reasons for the prol)lcl]]s
often encountered. Section 5. SIIOWW  tlia( tl]crc
are many simple and satisfactory alternatives to
the approximatiouof the uncertainties in tllcdat.a
by the square root of the olwrvcd collllts. SW-
tion 5. also gives asim])lc dcl]]onstratioll  ll]at,  for
t h e  Iargcr class of IJI. SQ lnr~l)ods  Iloted ill IJ:ira-
gral)ll 2 of this section, lilleilt’ity Of tll<? Wtilllilt(’(1
a n s w e r s  ill Llie data?  illl])lics col]lpl~,te  utllJi;iw~(l-
ncss in the low-count litnit,  ilidcpcn(leilt  of (1](’
statistical distribution of tile da[a.  In s(>c~io[l  0.
wc discuss tile statistical Iillccrtai}lties  it] tll{~ tll(’
fitted  fluxes and tile weighting of scal]s to ol)tai]l
final answers. \Vealso (lcscrilJe t\\’(Jf :]irlygtll(ri]l
strategies of unbiwccf weigllti]lg, wllir-11 sllollld I)(’
of use for other experil]~cnts. headers ol)ly llw’(l-
ing a nlctbod  o f  }’I, I,SQ fitting  Iil)icll dot’s I)ol
suffer from the defects noted al)ove tl]ay \visl] [0
skip section 2. and go to sect.iolls 4-6.,  r(’f(,rrillg
to section 3. as necessary for our notatiotlal  (ol)-
ventions.  IIigh-cllcrgy  astrotlo[lwrs  ~lfr(>d(d  I)y tl)(
kincfof systcmatice rrorstflesc ail-l) y-seal) 1]1(’(1]0(1
seeks to climinak Inay bc l:lore interes(e(l  ill sl’c -
tions2.  and 3..
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4. All:ilysis AIJIJrwaclI

IIcre lve dmcribc  tile lIh’AO 3 context for our
cstil]lation  prohlenl. III section 2.1. we discuss
tllc cx[)criinetlt,  in section 2.2. the general prob-
Ietn of system~itic error of background subtraction,
aIId ill scctioll  2.3. we describe the superposition
n]ctllod slid its defects. In section 2.4. we intro-
duce tile “scan-by-scan” alternative and give its
rationale as ii Inetl]od for suppressing systematic
error of I)acligrou]ld  subtraction. Finally in sec-
tion 2,5. \vc sl]ow two comparisons of the altcr-
Ilatil’c aj)])roaciles. ‘1’IIc first of these is based on
XIoI]tc  ~~arlo analysis of an idealized experiment
i]ltended to I)e as silnple  as possible and yet cap-
tllrc tflc essential difrmc]lce  between the superp~
sitioll aII(l stall-l)y-sca]l analysis. The second ex-
il!llpl(’ is t<lli(  ’11 rrOlll  lIL’f10 3 data on orbit.

~<l. ExI)(!l’illi(!llt

‘I’ll(. ll)f,::ll]llll:l-rily  sl)t:ctrc)lllcter on 1fl?A03
I1;I(I f(,ilr lli~ll-])\l  rityg(rll  l;il]ilit]lc letectorso I)crat-
ill: 1’1’0[11 :Il)(jllt 15 IiC’\T h 10 hlCV. ‘1’IIC  t o t a l  VOl-
1]1111’ 0( g,l’rlllillli(llll  \Yil S :ll)OLlt 400 Cl113;  tllC t o t a l
,(ft’rlivi  ar(;l \\’as al~out T5CIng at 1 0 0  keV. ‘1’lle
cryostat  \v:Is sl]]rol]tl(le(f I)y a 6.6 crn t h i c k  GI
+Ilicl[l ill aclivc  :Il]ticoillci(letlce  w i th  t he  germa-
tli~lt]l  detectors. ‘1’lle detector fields of view were
:)00 (l\ Y’ll\l)  at low energy, increasing above a
f“(\vlllltldrcd  lieV. Itacl]cvent  wasenergy-analyzed
i[lto S192 1’11/1 cllailllels about 1.2 kcV wide, and
til]lc’-laggccl  to alx)llt 100 its. Telemetry capac-
ity alloiv(~(l  il nlaximllni  of 15.6 events pcr second
10 l){> ill(livi(lllally tra]ls]llit  ted to I’:artfl per dctec-
(t)r, colllj,ar(tl  to tl)(’ tyl)ical ol~-orbit hac!iground
,,~1[,, of ]os-l~ 1]1(,  :L~,Jrtlgl: total dead  t ime  frac-

Iioll \vas ill)()(lt  ‘./L%. ‘1’lle Ge p r i m e  s e n s o r s  op-
(~r:il($cl  it] tlIe  .50( I kIII, 13. (;0 i]lclination  IIA’AO 3
orl)it fro]]) sllor[ly  after  Iautlctl 011 1979 Sc1)tcrnber
20 ~]lltil cryogetl  exllallst.ion on 1980 June 1. l’he
sl)ii~(~~~iif’t  spill axis l~orma]ly pointed at the Sun,
(’ill lSill~ [Ilc ills(rultwllt, wllicl] looked radially out-
IV;lr(ls,  [0 sci~li a great  circle pcr])cndicular  to the
I;rlil)lic  \vitll tvcry  20 mill s])itl.  Jn s i x  months
;{ collil)l(~~(~ sllrvc} of tllc sky w a s  obtaillcd.  I)c-
t:lils [Il)ollt  [fle inslr(lt]lellt  and i ts  radiat ion cll-
iirolliilelll  :1[)1)(’ar  ill X[al)ol](’y et al. ( 1 9 8 0 ) ,  Ma-
Ilt,lloy, I,i[lg,  ,t .Iacol)soll (19S1),  and Whcaton
(/ (l/, (l!)s! 1).

‘T})e i[iversc of tile fo rward Iit)earit.v of LIIC IIIO(ICI II{ ItIVl
al, ove
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2.2. Systcnwitic  Error of’ llacliglwll:ld  SIIl,-
t.raction

Figure  1 shows all accumula[io]]  of’ III(  cxl)er-
i]ncnt  background sImctruln. J\lso Sllowl) :11’c’  1 Ilc
total spectrunl of the Crab  nel~ula and ptllsar,  and
the la Poisson noise level for a tyl)ical ol)scrva-
tion.  Even thestrongcst  sources arel)arcly 30(Xlof
the background, dropping to a few ]Jerce]lt ill (I]e
McV region. l’hc  background is tllesulll of I]]atly
different components, such as the diffuse cos]t]ic
flux tl]rougl]t  llei]lstrl]tllcl]t al)erture,  gatllnla-rays
from tile spacecraft and tile ICar(h’s  attllos])llere
which leak through tile shicl(l, activation] of ill-
strumcl]t  components t~y cosmically trapped radi-
ations, and neutron intcractioi)s.  The I>ackgro(llld
is also a strong  function of the bhomagne  tic co-
o rd ina t e s ,  orientatio]l,  ancl actil’atioll  I]is[ory of
t]]c sIJ,acecraft. For Iow-]jar(ll orl)its  tll(’ g(wlll:lg-
nctic  variables cause cl]aligcs  011 a cllaract{’ris[ic
time scale of roug]lly 15 min. ‘1’lle al]lplit~l(l(  of’
variatiol]  in the co]]tinuunl  ranges fron~ SO]IIP  [(LIIS
ofpcrcent at lowe]lergy  to a fil(’tor ofov(:r fiv<~ Ilf’:11
1 0  hlcV. I’illally, tile flll]ctiollal  delJL’IItl(’IIc[  (oII,
for example, orbit paran]ctcrs, exl)erilllrl]l asl)(~cl ,
S;):mc: radiat ion cnvironl]wntal  co[l(li[iolls,  [IIId  ir-
radiatiol~ Ilistory)  of tile l)il Cl<~rollll{i  is W) (’0111 ]11(’S
that it has been impractical [0 constr(lct  a :Iol)at
(i.e., valid for days or weeks, say) IIIod(>l  for it (o
the accuracy (<< 1’%0) needed to do a l>acligro IIIId
subtraction that approacllm  tile statistical srl]si-
tivity  limit. Thus one is forced to tnrasurc  local
background data associated wit]l the sourc(’  ol)s,r-
vation, and use tl]cnl to rstil]latc tl]e l)acl; gro II IIc I
under the source.

llysystematiccr rors in I>;lcligro(l li(lslll)t r;lc(i(,ll
wc Incan ulllnodel  cd, I)oll-1’oisso[l  {’rrors  :Irisil)g
dllctotllc slll)tractiollof  :ll~it)colrc’cl l)acliqK)IIIId
model. The background ]llodcl IIIay I)(’  as sitlll)lt’
as a single constant, or all clal)oralc  s(:l[li-t’lll[)iric:]l
pa rame t r i za t ion .  ‘1’lIesL’  systelnat,ic  (Jrrors  uf’lcII
become the factor cfrcctiv Oly  Iill)i(il]g tile sensit-
ivity of  the  exI)eritncllt.  l~ur[l]erlllor[,, since lIIC
cfistributionof  their Illagllitll(lcsisllc)t  know]! lli(J-
oretically,  in contrast, to l)oissoll stat isticill crrow,
it is difficult to place secure collfidt>llcc I) OIIIICIS  011
tile valllcs ofex[)erilll~’ll  t~il results.

l)atafrorll scatl]litlg x-r{ly(’xl~(’ri  t~]c:tlts liavc of-
te]l I)CCII  analyzed I)y :\ CCllll)Lll iltill~CC)lllll S II, illl(l
l i v e  tilncsfi  (live ti]]w = CIOCli  tilnf,- (Ir:iil li]llo
it] azil]luttlal  I)ins i for lotlg (’llollgtl 10 Ol)lil ill r(’;l-

so IIal)lc sla(is(ics. III tl)e silnplest  m e t h o d ,  the
IIUX fro[]l  i] source is derived I)y designating an
a%il]lll(ll  ill r(’gioll  around tllc source position as
“source” , aIId a(ljacel]t, regions as ‘(background”.
‘1’111’  source and l)a Clig’rOlllld coul)t  rates are then
estilllatcd (I)y [xi ?~i/~iti],  summed over the re-
giol]s) aIId slll]tracted  to give the rate due to the
so IIrcc aloIIc. A Inore elaborate approach is to fit
tllc ruJi ofaccuilllilatcd azit]lutl)al  data, for exam-
I,IP I)y a least-squares algoritl]]n}  to the response
(:xl)ectcd froln a I)oint source at the given posi-
tiotl, tal; iilg tllc itlstrul]wl]t  angular response, or
al)t~r[llrc  fui)ctio]l, into account. “1’his allows anal-
ysis of ]1]~11(.il)lc-sollrcc  regions and more complex
Inmlcls  for t.l]e l)acligrol]]]d (cg., quadrat ic  in  az-
itliutfl),  but frotl]  tllc poil~t, of view of this paper
illtro~ll]ccs lIo essential cl Ial Ige, ]n either case, the
[Iltll]o[l 11):1!  t){! cllaractcrizml  as “first accumulate
III(,  [lat~l, III(II si]l)tract  tlIC ha~liground”.

\J’llile this Illctl]od Ilas bceli effective at x-ray
(Jl](rgim  (l)c>loi~ al)out 10 liC’V),  tllecircumstanccs
{I(wclil)t,[l I)r(’liollsly lllil~ co]nl)il]c to cause scri-
011s sy-.l(’lll:ltic (,ttor of l>~Cligl’OUlld  sub t r ac t i on
:11 lli~ll(,r  (Jllrpgies. I;igllre 2 slIows SUC1l a n  az-
i[ll(l[ll:ll  ;i(c[lllll]l:lti(~ll, of }/ F.’/t0 3 data il]to 6°
l,itt~ illollll(l (Ii( stroll: (j(j7/6(jS  licV b a c k g r o u n d
Ii]lw. II(YII(Iw of’ III( x 30° l\\rllhl aperture  rc-
S]) OIIW,  :1 coslliic poitl( source should appear in
(11[’ l)lOt ;15 il I’Ollg’lllj’ tI’i?~l)~U]ar  blllllp  W i t h  afll]l
\vitltll of at least 10 I)i]]s. No significant bump is
,vi(lrtl[,  I,lt[ tile [)ic(ure  is confused by the prcs-
(IIC(,  of otl Ic, r ft~a(llrm,  spikes (cg., at 1890), dips
(213° ) at](l esl~rcially  e,lges (42°- 60°, 216°- 2280),
Illallj  olli’iollsly IIigllly  sigl]ificallt,  w h i c h  apIJcar
10 I)t> illll)ossil)ly  llill’1’()\\’  for an cxl)crilncnt, with
///;.to .1’s 1)1’o:l(]  al)(’1’(llic I’CS1)OIISC.  S u c h  fc:l-
1111’(% ill’( Colllll]oll, ]Iol o!)ly i]] 111,’ ,40 3, but ill
l]):llly oll]er s([ltlt lil]g(’xl ){:rilllc]lts operating above
al)olll 10 I;(J\;  , It is Iluzzli]lg to undcrsta]ld  h o w
t 11(’y  ariw,, as t l]{’ til]l(’ Ilistories of the count rates
ill’(’  col II II IOt Ily as slllootll  as one can expect fronl
colllllill: st[llislics. IIofffever  it is clear that such
I,atllr(s Illilk(> it iltll)msil)le  tocarry  o u t  nlcaning-
l’lllly  IIlt’;lll:iljsish cll[’lllr(  lfscribccl at.)ovesincetlle
l)I(WIIC[  of a sttotlg  ((lgc ill tllc analysis r e g i o n ,
Iikvtllow  ill l:ig, ~lre2$ coLll(l olrt;rliJl]ell]l tl]eforlllal
st:]tis[ic:il  llllc(~rtililltic+  of a subt.ractioll  or fit.

Sillct:, IOOS(’IJ”  SI)(’:lliillg, t i l e  Sunl  of sInooth
I’llllcliolls  11111>1 l)rsIIIootlI, Jvc are led to look for
tll~’ origi[l of’ (Ilis  l)rol]lcl]l in tile many necessary
st~l(~cliol] [[~sts aIId cl] f~cl; s J~liich must be applied
[() 111<’  (I; ltil, ll~sitlcs occ;lsioilal data gaps, tests
:Ir{’ Ii(xtwary  to rt’lllovt> d:lta  transmission errors,
l);ll; [}, (11’OIS, :111[1  (Iiltii {Lfl<’cte(l  l]j’ Iarth blOCk-



age, high charged particle rates,  Soutl I }~tli~l]tic
Anomaly (SAA)” ~)assagcs,  a]ld Iligll magnc(ic  la~-
itude.  “1’he  tests are typical]y  made  all{l appliml
independently. As a result, 20 mill sl)acecrall
spins are rarely complete, but  are typically il)(cr-
rupted  2–3 times by the opcratiou  of these essen-
tial checks. Since tile background is not cons(a]lt,
every time a data sc]cction tllresliold  is passed, all
edge is introduced into the azilnlltllal  accl Imula -
tion of the count rate. If tllc backgrollnd  rate is
highly variable, so that Llle edges are large, tllc
noise tllcy introduce cxc.ccxls that, due to co(ll]ting
statistics. Since there are only 60 t)il]s ill I’ig(lro  ‘2,
and 70 or so spins per day, i]) a 30-day acclIlnu-
lation  we expect an average of al)out  100 SUCI1  st’-
lectionspcr bin. “~l~supcrposition of ]natly sllch
edges accounts for tl]e discollcc>rtillg  jaggtxll!ess ill
Figure 2.

If the scans do not sanll)lc tllc l)ti~li~~otlll(l  r;l II-
domly, the situation is Ivorsc  yet. Forcxaltl[)l(,  (IJC
IIL’AO  3 spin rate was ]]rlai]lti~il]c(l  witlliil ccrtaill
lilnits  by tl)c spacec ra f t  control systel]]. l~llt ~lIr
phase (i. e., tllc spill azilnlltll)  wtls Iil]co]llrollml.
IIecausc the spacccra[t  was slll)jcctcd  to [Icrio(lic
tidal torqucsassociatcd )vit.llitsorl~it~ll Il]o[ion, its
spill could bccomc locked, by a kind of resonal]cc,
to aharmonico ftllcorbital  frequency, atld tl]c in-
strument would repeatedly view tll(~satnc I)oint, of
the sky from only a few pointsof tllc orl)it.

In summary, in the presence of strol]g btlCli-
ground variability, tl]c “source” and “hacliground”
regions may contain data it] wllicll tl]c true  detec-
t o r  count  rate varied over a wi(lc rang~>. ratl]rt
tl]an l]aving sillglc, well-de(il]cd, Val[lcs. Si[]c(
tllc t r u e  COUnt r a t e s  il) tllr (Ivo rc~iolls  ill’(’ 110[
constal)t,  e.xlwriltwntal  ilV(’1’[l~f’S o f  Illrl]l Ill;ly I)(’
dolllinatcd  by the [)art, icular  sall]l)lc  01 l~acl<grc)IIIIcl
conditions whit]] hrII)pcned to I)c i]lcl(ldecl.  It 1o1-
1 0 W S  that tlkcir diffcrcllcc tllay fail to co]lverge (o
the cos[nic  source flux.

l’hc first line of defense of tllc supcr])osition
analysis mctllod  agail]st  systematic l)ticli~~otl[l[l
subtraction error Ilas l)CCII to carc[llily sole’ct tll(,
data so as to reject regiolis il) \rliicl) l)tl~li~~olll~[l
variation is a problcm. [Jnfortr]]lately  at Iligll etl-
crgy this variation is so pervasive Ll)al if ot](~ ilt -
tcmpts to forlnulatcsuch restrictive sclectiol) cri-
teria only asinall fraction (for }/L’AO  3, < 10%)
of the data survives. Dy strict sclcctioll  critc~ria
one cffcctivcly trades systematic errors for co[ttlt-
ing statistics errors. Evcntuatly  tll(’  data al’(’
so  scvcrcly rcstric(ed  that the l’oisson lliicertait]-
tics grow larger t]]an tllc sysh’lllatic  ullcer(ai[l-

ti(w. ‘1’l~is aI)IJroaclI  is not very satisfactory be-
C:IIIS(>  ]l)ill]~  of tlie data arc discarded and bccausc
reliably cslilllating tile ullccrtaintics  in the results
remains [)roblcn]atica].

/\ilotllcr ]~ossil)ility would bc to accumulate
only data from those scans which are complete.
Evidct]tly  this would entail an even larger loss of
data ~vit.11 ]~artia]  scans as common as they are.
~\l]alysis of rcgiol]s with lnultiplc  sources, spread
over a col]sideral~lc  rallgc of azi]nuth,  would be-
COIIIC  dilficu]t or irn[)ossil)le. Yet since the tinle
Ilistorics are sul)stantiatly  s]rmoth, given any singic
scai) COlltitillillg  tllc source of interest, even with
SO II IL’ gal)s, we could allalyzc  the data for it in such
a Jvay as to c.xtrz]ct tl]c source rate, while avoidiug
tllc edge problcln.  Iollowillgto  its logical conclu-
sioli III(I i(loa of’ I)asing tllc a]lalysis  on scans leads
to tll(’  Stall-l)y-stall Inctllo[l.

2.4. Scan-])y-sea]l  Motllod

‘1’0 SII1)IJHW  s>h[cll]:ltic  errors o f  b a c k g r o u n d
slll)(c;{ctiol]  [’or l/ f:’.,l O ,3’, Ivc lIave rcvcrsecl the
(1s11:11 “:ic(IItIIIIl:il(, tllrll sub t r ac t ” scqucncc of
tlllal)sis.  11> tl~is lnetl]od,  tllc source flux and its
Illlcrrtaillty  01 arc estitllatcd separately for each
St’:111 1. ‘1’11( fiIIal (’stilt]  ate is a wcightcct average

‘z. The un-ovcr SCa IIS, \vitll tllc wcigllt,s  Iul = al
certainties for cacl] scan are estimated assuming
l’oiwo]l statistics. Ilccause  tllcscansa regcncral]y
i]]conl[)lrte, as cx])lained in section 2.3., the un-
cc’rtaiilti(:s vary wi(lely from scan to scan ‘J’hc
[Ilctl)o(l  ill cfli’ct sut)tracts  background for each
SC; III ill~livi(lllally, I)efore  accllmulati]lg  s c a n s  t o
ol)l;lill siglli(icilllt alls}vers,  so  t ha t  t he  a.s.soc  ia-
lif)[l (J(’ tll( s[)ilrcc  illl(l l): Ickgroutld  data for each
.sc;II)  i s  l)rtw~rv(’c I ul]lil 111( I)ackground lIas b e e n
I’{lllov(.(1, ‘1’11(11 tl]c l):iCligl’OLIIld lnay  vary widely
ii II IOIIg sca IIs tlllls callscs Ilo Ilartn. Such p a i r i n g
of’ data aI)tl control  is standard in the biological

,..;l [1(1 Socl; l >( Ic!lcw, wllerc  [lt]li[]o~vi]  and ullcontrol-
laljl(>sourcm of variation arc common. Although
II]t stnlist  ical significal]ce of (lIc data from each
S(’illl is IJ’l)ically Ilegligible+ good statistics are re-
[ov(>r~>d I)y tilt> accui]]lllatio]] of tllc thousands of
scal]s. I>llr(llerlnorc$  csti]natcs  f rom scans take]l
(l~lrillg I(]iv-l)[]cltgr<)lll](l I)ortiolls of the orbit have
slllallcr  ullct’rtailitics  on that account, and tllcir
l}i~llor Jvcigllt call I)c prcscrvcd ill tllc final avci-
il~(>f itlstf’ad  of I)cing  lost Wllcn the counts  fron]
lllilll~ scaus arc siln])ly Slllllnlcd together, as they
ar(’ ill tllc slll)crl)ositioll  II]etl]od.

IICC;IIIW  tllc’ IIlotllo[l  fits to stretches of data
tlln[ ill’(’ sl])all. tllc’ sta(islical uncertainties for a
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served counts in tllc s~ii[l, illld it is  ii’ell-l:llo!vll
that the stanc]ard  apI)roaci]  to litlear  least-st[l]ares
tltti]lg  to Poisson clata fails for  snla]l  llunll)ol+ 01’
counts in each bin. \\rhilc  a variety of ‘Lnoll-lil]ear:j
methods” have been investigated atld discussrd
in the literature which have given satisfactory re-
sults for small numbers of counts  (hTousel<  & ,Sl)uc
1989; Li & h’la 1983; Jansson  1984), they generally
require solution of non-] itlear algcl)raic  cxluatioas
which depend on tl~c data in a conlplica(ed  JY~Iy.
k’or  a lligh-reso]utioa  Spectronletcr  wit])  Lho IIst~IIds
of l)IIA channels, co]ll[)l]t[ltio]l:ll I{ibor  111 ZlliCS S(lcll
approaches very unattractive.

Loredo & Epstein ( 1989)  review and discuss ar-
guments for a linear al)proach to inversion of l)ois-
son data. Gamma-ray instrumcats are, by and
large, linear devices. Since events  arc essctltially
independent, and are processed one-at-a-time, tfle
co~]nts fIA+~  expcc(ed  in an illstru]nI’]lt d~][> (o
the superposition of two sources, A and )1, Ivill I)e
the sum of the counts fl,~ due to .4 al)d ii/J [III(’
to }1. Despi te  some csccp[ions  (c. g., pulsr  lJilc-
Ll}) allcl dead-tilnc ef[ccts) in I)raclicc Ille Iill(:lrily
approxilnatio])  is excellent. Arrays  of CO IIIIh  (0[111
abstract vectors wllicll rllay  I)t’ added, sul)t  r;lc((> (l.
and multiplied by scalars witl] the usual alg{’l]r:lic
properties (see, for cxalnplc,  Si[!lvarl  1973, (11 Ial)-
ter 1). A gatntna-ray  instrurllcllt  then mrrespoll(ls
to a Iincar transformation wllicll nlal)s a s[)ac(’ .’7 of
photon (or background) sources into adat.asl)acci
Z, of counts. Thus a natural lallgtl~lgeforgi]llllll[i-
ray astronomy data analysis is linear alg(>l)ril. ,\ II
inlportant comp]icatioi]  is that, tllc linrilrity  is 110(
exact for observed data, I}\it IIol(ls  oi)ly  ill tlI( I~x-
l)ectation  SCJISC, for eIIseIIIl)l(  av(,ragcs,  so I II;II  [II(,

pure liaear  algebra bcco]))m (nlaf)gled  Ivilli l)oi5-
sorl statistics. Tl[e staad:ird (Ia(a  analysis jIrolb

lcm is to pass in the op])ositc (Iirectiot],  frOIII  Ili(>
vectors of observed Counts, to (’Still lilt(’S of tll(~ 111)-
derlying  sources which account for tl]cl]l. Sillcc
it is mathematically unavoidab]c  that, the illl’erse
of a linear transfornlation4  must,  itself be allotf]rr
linear transfor]natioll,  we take a linear approach
herein.

A strictly li]]car  lc:~st-s(l~]:lr (:s{:stitl~i~tt~l  isg[lar-
antccd  (c~ the Gallss-hlarkov  ‘1’llcorrlli.  l!:acli~
et al. 1971, p. 135–136a  IId !\]~l)endix l), ) to IJ[’ 1111-
biased even forfil~itcs:lllll)l{:s, “1’IIc (I]wrt[ical  a(l-

3111 this context, by COIIIIIICIII usage, “l)ol)-lill(,mr” 1111. +iIIs “II,, (

based On least-squares” ,  s i n c e  III(.  slaII[laId ]no(lifi(,  (l 12

cstinuilc is actually nc, n-lilww ir] llIe (Iata.

41ktricted a s  n e c e s s a r y  to tllc dollmill wlIcw it is 11(111-

sil]gular.

*

val)t:ig{s of, for cxaIIIIJle,  tllc maxitllunl  likelihood
II Ie[l Iod, I]old :isylll[~totic:illyl with little guidaucc
ii!+ (0 !Vl]tll tll(,  ideal  ])ropcrtics  of the limit  a r c
rc’:lcll(’~l ill l)ractice(  l;:lclice (al. 1971,p.  155-156).
\\ ’elIavcl)wn led, tl)erefore,  tocxanlinethcprob-
le)]]sin  tl]e liIlcar lcast-squarcsa nalysisofPoisson
data Inore carefully. “1’lle result is a method which
retains  the a(lvat]t ages of a linear approach, even
ill lllt’ fc!t-count  lill~it,  and is Iligl]ly satisfactory
ill otllcr  rml)ects.

‘1’1](’  scaII-lJy-stall al]alysis  concept was origi-
Il;llly[l(vt,lol)t(l  Jvitfl asim])lificd  program(Ricgler
c1 (/1. 1!)S1; I.illg et (Il. 1983; hlarschcr  ei a l .
19?+1) !vliicll allolvd  onlyonc  point source, a con-
st:illt I)<lcligrotlll{l, and three user specified energy
baIIds,  rul~ning on a 1977-vintage S.E.I,. 32/55
con]l)utcr.  Irollowing exl)crieucc with the ini t ial
Vcrsioll, a t]~o)c cal)ablc code was introduced in
19S3 !Yllicll allowed a lllis  of up to eight cosmic
sollrce or l)~cligro(lt]d  cotnl)onents  in  the model
illl(l 16(,11 (’rgj’ cliantlels  (L[alloney et al. 1984), linl-
il(tl Ijy tilt collll~ll[or’s  11](’l]]ory.  After a period of
(>\”oll  l[iollill’~”  (Ievclol)lllctlt tllc program was CO1ll-
I)l[lely  r<jvri[tell  ill l: OI{rl’1{/\N  -77 without, func-
tional  cllall~(>, (’xc(l)l  t o  increase  tl]c mode] conl-
1)(,, i,II[ i]tl(l  (, II(rgy CIIa IIIIel Iitnitsto 12 and 64re-
s])( Iiv(>lj, ‘1’11(, itlcreasml  SIJCCK1  and especially the
lllc~(’its((l  II I(IIIOIy available ill a modest modern
\Vorlistiliioll”  lll?lli~  tf]e current version effectively
filty ti)]lm faster tllatl its 19S3 ancestor.

[’or col)lel]i(llc(  ~v(’ slltlllllarizc  o(ir  no t a t i ona l
colli{,ll[i[)llh  11,’rt.  lll[lic(s i~re i]ldicated  by lowcr-
(: Is(, I{ UIII:I  II slll~scril>ls, ;! ~1 ~’, 1; their  r a n g e  i s
:iltva!s I’loltl OIIV [0 tllr corrml~o]lding u~)per-case
I{CJIII;III Ic[ttr, 1, 1, /(, 1.. ‘J’lle subscript  i always
1:11),’ls  (lil[~l  I)ills; due to tflc  scanning mot ion o f
1//.’./10 J’, tl]esc corrcsl)olld to tilnc  bins. For the
300 l;\\ ’ll N1 itlstrui]mtlt  on 11EA03 wel]avetyp-
ically used % 20s bills, corresponding to about 6°
at (1)0 I]olllinal spill period of 20 min. The transit
ofa co>l}]ic  sollrcc tl]rougll tllc geometric aperture
r(xll]irml  rollgllly 100 s. (.~oullt rate components,
ivll{:[ltf,r coslllic or I)ackgroll]]d,  \ve always label by
j. oillcollJ([lti( >ll:ll)o~lt” iailtlj llleal]s that, }vitll-
(1111  (I:lllg,(,  [’ of colif’llsioil,  IV(’ IISC ~i tO d e n o t e  tllC
Ill}ctrt;lil)(y  ill tilt, (Ii]((]]ll  o b s e r v e d  i n  bin i and
01 I’hr 111(’ Ii[lc[rtainty  ill all estitllatc o f  tile j-tll
COIIIIJOII(II[  ralt’~,  I)ccallsr i always refers to the
(1:1(:1,  iIIILl  j al\vays refers  to the model (cJ eq. [2]

“’N(I((, ll(I\v(,\(.r (Iliil  Inkcll CIII[ of cotltext, e . g .  u], i s

Jllll)igll[)li..
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below). Energy cllanne]s 1~’e label \Yi{ll k, I)(]I [is
each channel is treated Clltircly ill(l(;l)(’l)(l(:lltl),  (lit’
k indices have been suppressed Jvllcrevrr  IJossil)le,
as have also scans, itldcxcd hy 1, and tile ill~lt’x
for the four detectors. WC use IJIU] for ( IIC csprc-
tation value of the random varial)le  u, which as
used herein, refers to the limiting value of (IIC av-
erage that would be obtained if a variable collld Iw
sampled under exactly tllc satl~e cotlditioas  ll]aay
times wi~hout changil)g ally of the true untlcrly -
ing count rates. We usc V[u] for tllc variallc[’,
U2 = E[U2]  –  1[11]2, of u, [illd (; O\ ’[//, u] for tllc’
covariance  of u and v, defined as

Cov[ti,  fi] = E[(fi  – ‘[()(0  – ti)]. (1)

IIere tildes  s tress  that ti, nlid O are ralldon~ vari-
ables, and  e .g . ,  U = E[u]. ‘1’0 cmpllasizc  tll:lt
a quantity is a statistical cstitnate, we iliay a(l(l
a caret; tllu.s II is an cslimatc of tllc true tI]CJaII
p = It[u]  of u.

3 . 2 . Modds  for Colll]t 11.:itc

l;acl) scan is treated as at) illdel)(’l)d(llt  (slJrl-
imcnt.  Each e n e r g y  cl~atltlel k is also t r~,~lt(xl  ill-
CIcpcndcntly,  fur C!ticll (Ietector , <I I](I ?lllal~~(’(1  1)~ il
separate fit. All tllc ll]odcls assull]e tll(’  ol~s~,rv(xl
couuts  are l>oisson-cl  istrit~uted  al)o(lt  111(’ exlj[ct(,(l
c o u n t s  iii in each bin i of llle scan slid ll)at  (111’
~li are sums of contributions frolll .l col~)l~ollt’nts,
which are to be cstin]atcd:

(?)

wllcrc ii is tllc live tilnc  ill (11(’  I)ill, l~j ar(’ Iill<JiVll
proportionality factors, 1111(1  (1)(’ / ’ j  ar(’  tll(’  1111-
known, underlying colltril~(ltioils due (0 cos]llic
sources or background coll]l)ollents. \\r(’ 1’(”::11’(1
the array of counts  {?l~} as all Z-clilll(’llsi[) hill lcc-
tor of data to be expanded in terms  o{ its com-
ponents with respect to tile J basis vectors (tllc
l~todel vectors,  given by A-. = {ti7~j ]),  witl) 1111-

known expansion cO-efflcicLs  ij, wllicll fvc }vish
to determine. W e  C:ill tllf2 7’j Of tllr 1110(1  (’1 C()(llll
rate “componell(,s)’  lwcausc they art! 11)(>  cot]ll)o-
ncnts  of the expected data vec[or  {ilj} (IXI)C(’SSIXI
in terms of the nlodel I)asis.

Tile cxpcrilncut l[)aps (IIC I~Iodcl  s]);Ic(> 0 1 ’  (1){’
{7-j}  illtOtllC  dataSl)21CC0 ftll(’{71~}.  ‘I’1l(’ (.(~)((’1((1
COUlltS, iti, a r c  a c t u a l l y  colltaitled  ill a SIII;IIIIJC,
J’-dimensional lillears~l~~-s[~ilc(’ of’tllv <lilt~l sl~acv.
with 3’ < J. Iftlle IIlal)  is  fU1l-7’iillli  (c(l!liv:il(lll (0
tile condi t ion that tllc ]tlodcl v(’ctors.  Jvllicll 11)1111

tl)(coltli~lllsoltllc dcsiy~l ~/~afriz:A,belillearlyill-
{I[l){:tldrlll;  cjS(clJ’art  1973), then j’ = 3. Finally
I]oissoll  Ilc>isc’ol)c’riltitlgoll  tllccxpcctcd counts  ‘iii
SIII(J:IIS [II(, olm,r},cd  cou IIt,s out  i]lto the ful l  I-
(Iill](’llsiollal  dala  sl)ace,

l~or a coslllic  point source ~, tile coefficient Tij
(c/ Figllrc5)istlle instrument aperture response
fltllctiotl for (llt’ l)itl i, conlputed  from the source
l)ositioll.  tlI(’ etlcrgy, :itld the spacecraft aspect,
al)d Ilorlllalizcd to ullily 011 tile instrument viewing
axis, I:or such sources we Irritc

(3)

for tllc> source coutlt rate on tl]e detector axis,
\\ ’11( ’l’(, .LIO is tile geonletrica]  a r e a ,  q = T](E) i s
tll(  fllll-cllergy [)eak cfficicllcy at e n e r g y  E,  Ah’
is tile el~crgy Clliil]]]cl  widtl~, a n d  dFj/dJ; i s  t h e
sol Irc(’ di(l’t’retltia]  JJlloton  ilux. l’relaunch  calibra-
(iol) [liil;l give tllc illstrunlcllt  response as a func-
lioll O f  allg,l(x il[)(l c,II(~rgy (illahoncy et al. 1980).
‘[ ’l I{, t’or III(3) (:lli(sll(,;\ccoLlllt  oftllellorl-cliagollal
~III,rgJ, It,51)oIIhf~ of (IIL> detectors due to ~otll~)ton
s~~lllt,rill~  illl(l l)air  I~rcJ(llictioli.  S t r i c t l y  sI)eakillg
sl)(ctc:ll  illv(,r>iol] l)ilCl<~~()~]]i(l  subtraction,  and
>1):11  iill (lt~c(>llvolllti[)ll sllo[lld al] })C done togetllcr.
\\’lI(c( JI(t(l(d this corrcctioli  Ilas I)ecn per formed
ilj)lll’(  lXilllill(~l~  as ;I sel)aratt’  Stcl) in tllc a n a l y s i s ,
fotlo!villg  lllosc dcsc[il)ml  IIere.

if j I’cfors 10 a l)i\Clig7’Olllld  Colnpo[lcut,  the in-
tcrl~l(,la[ioll of ‘1’ and r del~elld on tllc particular
l)il~l(~l’ollll[l  Ilio(lt’1  adopted I:orcxalnple,  tllesinl-
l)l(s(  1110(1(1  Jritll  t~vo costllic  I)oil)t  s o u r c e s  alkd a
(’1)11 >(~1111 ll; iCli~l’ollll[l  \YOlll(l 1)(>

111 l)racli  cc, l):iCligl’Olll)d  variation  within  a scan
CaII I)(’  wx’lully  I])oc IcI[’cI  and its acconlpanyingsys-
tClllilti C ~’rror  largely rclnovcd. Fo r  example  we
111:1}” Iilli(’ III(’ l); L(’ligl’01111(1  rate  ill a  given energy
Cll:lllllcl iis

‘7?/, = .’1+-  11(:, (5)

\vl I(’1(’ .1 is illl lllllill  O\\’11 l~aran]eter wllicl]  is coll-
.sl; ]111 \vi[liil)  :i sctlll, 1)1][ might vary (e. g., due to
tll,’ I>llil[l-111)  0[ Ioily-lived radioactive species) on
loII,qfr  tilll(> scal(’s. l) is aI] utll(nown  proportional-
ity fac[or, :111(I [I is tllc gerlnatliulll  detector upper
I(v(l ilis(litllillil(c)r  (Lll,l))  rate,  its threshold set
:]1 10 \l[\’. ‘1’llis lllr<wllol(l is IIII]CII lower tl)an tl~c
III(r:y(- (;(\’)o  flll(l,r  illltirycos lllicrayslillicll”
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are the ultimate source of most, 0[ Llle l)a Cligl’ollll(l,
yet higher than most Iol}g-lived  ratlioactivc  tl((ay
energies, S0 U largely counts shower S(’CC)l  l[lill’il’S.
Therefore it is a good lnollitor  of tile local ra<lia-
tion environment and its prolllljt  cf~ects. ‘J’l Iel I 111(!
model for the expected coull!s in hin r’ would lJc-
come, for a single cosmic source with on-axis rilt(’
r,

iii = ii [.’1 + Ill!Ji + l~?’] , (6)

w i t h  unkllowns  A, B, and r to bc estilna(ed.

Figure 5 shows all example of flL’~10 :1 Iivc’
times, aperture response f(lnctions,  and Uljl)  v:ll-
ucs for a scan with 1 = 30 bins and .1 = 5 p~lriilll-
cters  in the model, including backgroutld,  (hrrc
cosmic sources (Cygnus X–1, Cygnus X–3, and t lle
Galactic center), and the germanium LJ1.1).  ‘1’lIr
response for the backgrou]ld,  a constant  = 1, is
not shown. The  aperture rx!sponse  funct ions lVCIC
evaluated at an cllergy of ?0 kcV.

4. Linear Least Sqlmrcs  as Wf!igl~tc[l  Av-
cwnging

l;adie et al. ( 1 9 ’ 7 1 ;  cl]ap(rrs  7 all(l S) discli~s
fllo t)lcory and I)ract, icc of c%tillliltioll.  ‘1’111’~ (lt’-
scrihc three alternative llIe[l Iods for  es[ iill:ll illg
~Ildcrlying compo]lcnt  rates  fronl biillltxl (IvctI(
data. What they call the “modified ][lillillllil]l
X2 tnethod”  has been especially widely IIscd; \Ye
shall sometimes call it ‘Lthc s tandard ]Iwtllod”
The  adjective “modifiecl” refers to !Ilc use of t lIe
observed data ?Ii in place of tl]c expected YiIl -
ucs ~li to approximate tile variances o? ill t II(’
weighted l,I,SQ  ]nct]lod.  Extensive ~liscussiolls i\l)-
pcar in, for example, Bcvington  ( 1909) atId Ill;l(”li-
Ijur]l  (1970). I; OIWltANT  IJrogra]lls  illlj)l(lli{lll-
ill.g it in various colltcxls, togetllc>r Ivi(ll otl]~r 01)-
tions for the cstir]lated  ullccrtaitltics,  aro giv(tl ill
Ikvington (1969). ‘1’lle method l]as bC,eII (Irrivcd
by starting from the pri]lciple of n]axinlulll  lilicli -
hood, approximatiug the theoretical I)oissoll  dis-
tribution of counts by tile limiting nornla] dis( ri-
bution  (which bccorncs exact  in tile lin]it of Iargr
expected counts ~~), and then writing do\v II t.llr
appropriate likelihood fllnctiotl for tl~c Ilorlnal dis-
t r ibut ion.  Ilowcver tl]e saInL:  aIIs\w; r res IIlts I’rolll
the classical solution to LIIC  abstract,  Inatllelt]at  i-
cal problem of solving at) o\rt3rcl[:tcrl]lill(’(1  sy>tt’111
of linear equations
in the 19tll century
1809).

in Icast squares, as Ol)lilill(’(1

t)~ (;2)11SS (\ Vilks l!)(j’2;  (iilll  SS

4.1. Cl~issicnl  Lcnst SqIlarcs

(~ivetl a go]leral sysLcIIl  of I Iillcar equations i n
,) lllllill  O\Vll S J.’j, 1 > J,

for i = 1, . . . . 1; or in mairix  form,

(7)

(8)

Gai]ss forll~ecl ,1 so-called “t)or[nal  equations”, tlie
:olllt  iol] of’ \vlli cl] nlil]itllizes tllc sum of the squares
of [ lIe rcsi(i[li]ls  of LIIC original ovcrdetcrmincd  sys-
t(:[tl. I’or the ]’-tll unknowII  w e  m u l t i p l y  equa-
tion (7) I)Y ([i)/ and SUII1  over i, obtaining

jvllrr(~  {l~j. = (/)j LIello[(’s  (rails IJosc, lNote t h a t  \VC
IIIa! tllitll; 0 1 ”  lllis as ]I]lllti[)lyit]g cacll of equa-
Ii[)tls (7) I)y tilt’ \v(iglltillg  Ill]lnbcr UiJ,, and thC1l
>Iliillllillgovt,r all tllc ; to ol)tairl an equation which
is :1 \vviyllltxl  SIIIII  of’ t IIC’ 1 equations. Repeating
1 lli~ ol~[r:itiol] of \v(:igl]t ing and summing for each
0[ t IIC (illli[]c)\~i)s, j’ = 1, . . . . ~ in turn, we obtain
a set of .1 (Ii flcrctl!  \~ciglltings of the original set
0( 1, or i]) I]latrix notation

AT~= AT A T , (lo)

Ivll(r[,  ;I:+iiill AT is tllc tratlspose  of the matrix A.
“1’1!( 1101111:11 ~(ltl:i[iolls (!)) fornl a J x J linear sys-
1(,111, (11(’ 1101111:11 iiiii(rix 1? = AT A  b e i n g  s q u a r e ,
:111,1 tlc,llsill~lllar if (Ilc colut]llls of A arc linearly
ill(l(’[)(lld(llt  (\\rilli  S 19[;2). Inversion of II then
yi(lds  r~Illl(’s  .Lj Ivllicil nlinimizc  the mean-square
resi(lual of tile origil]a]  overdctcrmined system (7).

III [ III’  context, of Icast-squares estimation, each
oft’tllla!iotls  (7) is tile result  ofa physical nleasure-
I]lcl]t of a (Iuanti!y  yl. \\rc wish tO estimate the  Xj.
Sii)cc t II( ahovc solution Inillinlizes the sum of the
S(lllill’f>S  of tile rcsidllals  IVllcll tl]c y:  are simply
r(yiIr(lr(l as al)st  ract  Illillll>ers, a r b i t r a r i l y  g i v e n ,
( lilt] il’ illhl(’il{l  [lIr !/; are ralldoln  varial>]es, exper-
illl~’1][:11  tl[j[ll(]xi]ll:ltic~lls  to sotnc underlying model
(7), 1 II(S (’lilSSi(’;ll  solilt iot] gives tl]c best-estimate
.I,, ill t II(> s(JIIse 01’ I>ro(lucillg  the best mean-square
aLr(~~,IIlt,III  \vitll tllc data, without being based in
;iIIj Ivay IIIJOII t IIC dI.\/~.tLu/Ion of tl]c yi. l’hc  distri-
1)11( ion (II’ I II( y, is ])o\vl]erf IIscd in the argument,
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being irreleva]lt  to tbc IJrot>lenl of sillll~ly sollillg
a,systcm  of linear equnt ions ill lc’Mt-S([llill(’S.

If tile root-llleall-s(ltl;~re errors ,  ~i, of t II(> //,
are unequal Lrut knowt], the lllctllod  gelleraliz(w
by nml~iplying  each of equations- (7) tl]rollgll I)y

1/2a weight, say 10: , ancl tllcn c a r r y i n g  011( tile
rest of tbe solution  as before. Multipliciltioil

~/~
of cacb equation by Wi N equivalcl)t  10 ltLl-
multiplication oftlle matrix forln (S) I)y a diagoll:ll

~/2
matrix W, whose elements arc tile L{l~ :

W$= WA..F. (11)

Tbc  application of tbe Gaussian prescriptiollj  Ivit II
WA instead of A, then yields, (recrrllillg  Illat  for

anv matrices A and W willl a dcflned I)ro[luct.
W~, [WA]T  = ATWT):

(ATWTW)~= (ATWTWA).F, (12

with solution

$= [( AT W2A)-l AT W2]~, (1:!

sillcc WT  =  W .  NOIC tllil(, I)ulling  i[ illl 1(1
getllcr,  there are two succcssivr  slel)s of’ i~ciglltil]g:
first by W;’2, associated It!itl] tile uIIcq II:il II IIc(, r-
taillties,  and the second stelj I)oillled 011( itl t II(I
discussion following equatiol]  (9), as an i]llrrl)rt-
tation of the left [nLlltiI]lic:lt iol] of quat,io]l  (N) l~y
AT, resulting in equation ( 10).

lhc Gauss- Markov ‘1’lleorclll  (disc(lss(’{1  ill st(ill-
darcl texts,  e.g. Graybill  1961; I;a(lic c1 al 1$)71),

1/2
shows that the weights, wi for cacl] c(lll:l(ioll,
slloald be I / ui to o b t a i n  tllc ol)[ill]al  (l]~ilIillllllll-
variance) estilnale Of Xj. ‘1’llc tuw-stel) \vfiglltillg,
by wbicb W appears ol)ly  as W 2 ill e(lllalioll ( 13)
then yields normal equrrtio(ts  ill wllicll  tll( ~vcigll[-
ing of each equation is finally by at-z , :Is \Y[! t’xl)(’c[
for a weighted average. It is a fllrtller  consc(lIIe  IIcv
of the Gauss- IVlarkov  “lhcorc[n that tfle I, I,SQ twti-
mators  (13) are, with tl]e abo~!c choice of tvci~l]ts,
tbe unique nlilli[lltllll-~’ariallcc>,  uilbiased Iillear es-
timators, indcpcnde71t  of fhe dist7ibuli0j~ of fhc ,y,
a?td Of ihc sa~]~plc si:e,  if t Ilt> {:~1)<’~tiltiol]  of t III
errors in the data vi is zero al](l tl)c errors ar(’ itlt -
correlated:

It[(//~  –  ~i)] = L), (11)

and
l;[(?/i –  

~i)(?/*~  –  .f//~)]  =  0, ( 1 5 )

for any distinct bins r’ aIld /’, \vlIcrc  f/, art’ t II{’
expected values of tl)t! data. IIotl]  of lllew’ ((~llLli-
tions  sllou]d  alwtiys  I)c satisfic,l  lhr I’oisw)l] (Ia[:,.

Ikc:lll>( III(>  sollltiol] for tile .Cj is obtained as a
lillt~l~ collll)i]latiol]  of tile ?/i, if in addition tbe er-
rors ill t Ilc I/i arc llorlll~ll ly-clistributed,  t hen  tbe
(Js[illla[m  for  Jj  \vill be a l s o .

N o t e  (lIa(  tllc .Cj are  only Iincar in tbe vi if
[II(  II]:ltrix  W is illdepelldrmt of tbe yi and xj.
oll(” niigllt at first tlli]lk that for Poisson variables
this c(~lJ?Jo/ l~e tile CilSC!  IIowcver, we are  not  re-
~lllirm] to assull]c W to be optimal, and we do not.
\\ ’llile tll( Illillilnulll variance property of tbe tbe-

–~orclll dof:s rcqllirc the particular choice 11~~  = ai
above’ for l]lr !vcigllts, w(’ SIIOW in Appe~ldix  D .
[ Ilat t 11(, IInl)ias(xlllcss dcl~cl)ds  ol)ly upon tbe lin-
t’;l[ily, II C]ICC, ue IIlay instead  just take W to be
ll(i]~l~ ol)tit))al,  but  indcpe]ldcat  of the vi and Xj.
\\’c retllrn  to tl]is point  ill section 5..

It) Sullllnary, if (llf~ data Yj are non-normal
I)tl( Ija]c fillitc variallcc  a~, tllc estinlatc ( 1 3 )
:IIJov[, ~i~~lds tile Jj Ivllicl] tni]limize tbe m e a n  o f
(II(J silIIarc of (I)e Ilorti]alizml  residuals for equa-
t io[ls (i’). ‘1’11,>  solulio!l is not dcl)cndent  on the
:IIJl)roxi III; Il iol] of t he I’oissoll  distribution by a
tl{)rttli{l  (Ii>lril)ll[ioll$ I)(I(  III( distril)ution  o f  tile
(>lilll;l[tw ,J, iiill only l~c strictly llorlnal  i f  that
of  [Ii{> ~/, is ill S(). II is sllolvn i]] scctiol) 6. below
( lI:It,  for [ IIP I )ois.soil  IJrol)leIII,  [IIC weiglltcd avcr-
:ly( of [11~ r(>lll(s lrot]l  ]]laily  ,its will be asynlptot-
i~illl!’ IIor  II Ially  distril)utcd  as tlic total number of
col]l)ls, slltlltnv{l  over fits (i. e., scans, in tbe case of
//1.’.,1  O ,] ) l)cco IIlm large, Ilut  tllc crucial proper-

[ i[w of II t~l)ii]~(,(lll(’ss  aIId cfficicllcy (see below) do
tlo( (1(’IJI’11(1 011 tlIc n(]llll)er  of  collnts.

.,
\villl  tll(> (’()~~(’Sl )011(1  C’ll C(’S fifij +) Uij, ?li @ vi,

;111(1 /’j $? J’]

‘1’ II,w>  ;Ir(’ 1 II, fl]ll(l:till(l]t~ll  cquatioll.s f o r  the
I’oissoil” ll’il>l  -h(lll{ll’f’S  analysis  I)robleln,  Since tile
t~.sl~[~ctrcl  cOI1ll(S  )1, ilrr flltlctions  of tt~c 73 tllrougb
IIi(’ Illotl(l {,(lllil(iol)S  (2), it is a Iion.linear systcm.
,\l)l),llclix \. slloirs 1 Ilat tl~c’ satnc  ac tua t ions  rc-
.slll( l’I’O  111 111(>  t’.x:lc[ al~l)licatioll  of tile I)rillciple
(JI’ \l:lxilll[llll  I,il:rliiioo(l [0 tl]c l)oisson  distribu-
1 i~)ll.  ~\s 110 :il~l>roxilllat ion IIM l~t’cll made above---
I),,)(,I1,I  tllr  :Isllllll)tioll  oftllt validity  oft]le Inode]
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equation (2) and of l’oissoll statist its-- ./)0 /// l<{l~t
squares and nlfl.rilnulll likelihood lc(ld /0 1/][ .SCIIII<
conclusion for the Poisson pro ble771.  rhriht>lIll  Or(J,
since equation (16) results from both, ally SOl IL-
tion derived from it must  partake cqilal]y of t I]c
good theoretical properties of both the Principl(} of
hlaximum  Likelihood and of least-squares est il]]it-
tion.  Nevertheless, the insig]lt that cqaat  ion ( ] 6)
is related to weighted averaging cotllm O(I( of [llt’
least-squares approach, as does the rw. -ogi)it ion
that it is “essentially linear”, in a sense wllicll Ivill
Lre made clear in section 5..

It seems almost irresistible to apl Jroxittlate  tll(’
expected counts  ~~i by Iii, tllc observed COIII)(S,  ~lc-
riving from equation (16):

j ( i  1;7;:7;)’”1 “7)~ti7~], . ~ ~
i

W]lic]) is linear in tllc l’j (bUt llOt. ill tll~ hi) a n d
thus convenient to solve. ‘1’his is 11]0 “nlocli(ie(l
minimum  ~z mctllod”  de sc r i bed  Ijy Itadio [/ /1/.
( 1 9 7 1 ) .  IIowcvcr  this :li)[)roxill~:~tioll  I]ils ~illls[~l
endless prob]cms, d e s p i t e  lIavi IIg I.)wll  I15P[I,  at
least  at one time, nearly universally ( lllilClil)lll’11
1970, p. 52).

4.3. The Poisson 13ias

These problems arise because each oft II(’  ./ Iior-

]nal equations, (9), is a weiglttml sul]l of tl~e 1 (Iiitil
equations (7). But, if {1/;} are ran(lotn  varial)lcs.
d r a w n  f r o m  populatioils  wllicl~ ll)ay I)r (Iifi”(’r(lll
f o r  diflerent  i b u t  lLavc tl)c co])lt]IoII l])e[(t] /t, t II{]] ,
the wciglltcd average forlllula,

(Is)

yields an unbia.scd  cstimat,e  (i. c., K[ji] = I(: srr
Radic et al. 1971 for a discussion of bias aI)(I ol)-
timality of e s t ima to r s )  of p = /l, = K[’[L,]  all(lcr
very general conditions, independent of t II(I  (dis-
tribution of tllc Ui and Cvcll i71(/rpC)ld( 1}1 of ///(
wcighis-provided  that tl)c norlllalized  wcigllls {[~
(~ u)i/~  Wi) are Ullcorrelatod wit 1) tl)e di]t;l, (Il.

A dcmonst,ration  appears ill ~\pI~cl]dix  II. ‘1’11(’ (olI-
ditiou  requiring no correlation will always l){, ( c(1(
if the ‘U),  are not functio]ls  of any’ of tile tl, f, 1)11(.
not, in general, ot, hcrwise. Tl)c csti[natc  is O[](il~\i\l
(yields minimum variance of j,) wI,c,) u; 1 t,,,,:,ls
tile variance of U,.

“1’l]e normal matrix A TW 2A ill tll( >[illi(lii~(l
method, by equation ( 17), is a fllac( ion ol t II( //,
t h r o u g h  tllc approxilnatiol} a; % 7t~. 1( is  cl(’ilc

[lIat  III(,  r(’sultillg  wcigllts in the w e i g h t e d  aver-
age of 1 II(’ da( a cqaat ions (7) arc strongly anti-
CO II’(’l:l((}(l tvil.11 tll(’ ~~, so t Ilat the system of equa-
Iiol)s ( Ii’) is biasd. ‘1’llat is, every bin which
11:1s  its Ol>servc’d counts Iowcr  ttlan  fii receives too
Iligll a !\’cigllt bccausc its uncertainty is taken too
lo~v, iil]d  uice uersa. ‘1’llesc cot~siderations  a c c o u n t
for the systctllatic  Llllclercstilllatiorl  (l’article Data
(;IWI]IJ  [1 {11. 1990; a l s o  llotcd l~y Rcvington  1969,
1~, 24s) cllcoulltercd  tvitl)  tile standard method.

‘1’llc’  al)l)roxilllat  ion u: = ?li is  useless when
?}, << 1. Ill SllCll CaSCS ?l~ = O (usually) or ~li “
= 1 (occasionally); whereas u: always equals ii,
(’xactly. ‘1’IIc prol)lcms ill equation (17) become
spcctilcular  \\’lICII ?~i = O. llevington  (FCIIISQ,  p.
191) sets C; = 1 in this case; again this has been
colllllloll. If ali tllc I)i are citllcr  1 or O, then the
rcsllltillg  1(1, al’~ all OIIC, and the result is an un -
tv(’igll(cd fit. ‘1’llis is at Icast unbiased, although it
Ivill I)c far frol]l  ol)til]lal if- -the only case in which
IV(,iglltilig  lliatters- tllc i~i vary widely, since the
[01 al variallcr  of tl]e averaging suln will then be
{Ioltlilliile<l l~y fltosc tcrllls  Ivitll  the largest  vari-
;111(”( (c/ ((,. [1s]).

‘1’1](’  follii:lt iol] a!ltl sc)llli ion of the normal equa-
t iol)s Il:is I)rrl)  l):lr~ly supcrsedccl i n  m o d e r n  nu-
IIl(ri(al  l)c~(c( ic. I)y sillglllar  value decomposition
(S\’l);  WV’,  e.~g., l’rtws cf ~1. 1986)  using the QR al-
gocit  11111 (s[clvart 1!)73). ‘I’l Ir reader may wonder
il [ l]{, v:lli(lity of’ t llc argllment  al~ove, based as it is
011 IIir ]Iorn]al C(llli)ti  011 S, is afl’ectcd  when the nor-
II I;II qiia(io[]s aw Ilot LISUI.  ‘1’IIc answer is no, bc-
(:IIIS(I  III(> soli}[ioll”  for II)c I)cst fit model  i s  mathc-
iII; il ictill! t II(’ s:lII](’  ill (’it Ilrr case. ‘I’l  Ie application
of S\ ’l) slact  ill: fcol)l (Ile !reigl]tcd least-squares
{,(lll;lt  iotl ( 1 1 ) is ])ossil)lc  regardless of wllct]lcr the
m, x //i al)l)roxit)]at  iol) I)as t)ccll USC(I to deter Inine
W. ‘1’lI(! rxwlllts  l)arallel  tliosc  for the normal equa-
tions, ‘1’llt (lif~erellces  iilvolve primarily effects of
(illit(>-l)r(’cisioll  aritlllnctic, especially in the trcat-
lllrllt of Ilcac]y sillgutar  problems, which need not
(’Ollc(’l’11 11s 11(’1’c.

‘1’llc I)ias (lilt’ to (11(’ approximat ion L7~ % n, is
l]ot Iiltli[[xi  to si~llaliotls  in ivllicb t he  expec ted
COII1)[S  ar( st]]all, or to tll~> classic mrrlti-paralneter
Iill(:lr Icasf-wlllnr,w  Inctllod,  It is instructive to
:11)1)1~  III(’ s(;lll~lilrcl equation  ( 17) to tllc simplest
[J(,ssil)lc  (’ilS(, .1 = 1, ol)tailling  a formula, which
is co[l)l)lc~trly  wrong, for cstitnating a single count
c:ltc fCOIII  I)illll(d (Iata. ‘1’llis result is equivalent to
:1 (Iicw{ :]l)l)li~ii~  ion  of t I]c tveighted average for-
111111:1  ( 1S) Iisitig I Ile Olls(’1’vecl 7L, to e s t ima te  the
n;: [Isill{ illsl(’:i(l ~1 = az = ~’t in  equat ion (18) ,
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the l-vector of weights Ilcar tl]e mtrem  IIt II. 17i-
nally,  multiplication of all tile weights by tile sal)]e
factor dots not change tile weighted average.

5.1. Unbiased Weighting

These ideas hold the key to our prob]cln. \\’e
can use our model for tllc physics, equation (2), di-
rectly  with only approxinlatc  raks, but estilllalml
independently of the ~~i, tO obtain rough ili \’ill-

ues for equation ( 16). It] doing this,  wc ar(~ s(~cure
in the knowledge tl)at  not only is there lio dall-
gcr of wrong (i. e., biased) allslvcrs, but also [Ilat
in the vicinity of the true ili values. wc call 1 r(’at
equations (16) as if their solution were allnost  il~-
dependent of whatever esti]natcs  for the fii Ive use.
‘1’hen we replace equations (17) by equations ( 16),
but with constants used to approxilnate  tllc Tli in
tile denominators. Equations ( 16) I)CCOIIIC trllly
linear, in both  the llnl<nowlls  ?’j and tile d~lt a l~i,

and are immcdiatc]y  solved in tllc usllal 11’ilj’  laid
out ill sectio~i  4..

ilforc cxl)licitly,  if we rcl)lacc Illc i]~ ill ollr Il:lsic
equatlol]s  (16) wltl] son]e  ~pl~roxillli~te  co IIs IaIIts

fij, getting

and if Fj are tl]e estimates Or ~>j f~ll!~d  IJY Solving
tbcsc now linear equations ( 1 9), tlien tllc expec!ed
answers do not clepcnd on fi~:

(Y())

and,  furtherlnore,  i~car t Ilc> true value i}; = ~1,,

(21)

that is, the e~lciency of the estlinlate is only weakly
dependent on fi~, Equatio]ls  (20) and (21) make
more precise our earlier clailn,  that, equatio]]s  ( 10)
arc “essentially linear”.

5.2. Insensitivity to Choice of’ Wcigllts

It may at first appear that our procmlllre is
impossibly circular, as in forlnatiol]  al)o IIl tlII’ 1111-
known answers must,  I)e assl[tned,  J. r., tile Jveigllls
(which are equivalent to ~li ), I)efore  a Solllt ion
can be obtained. Tile same critic isi[n COUI<l t]lso
bc made of unweig]ltcd averaging, wllicll in c[l’l>ct
assumes  tha t  a l l  the iii are cq~lal. Ill [act! (111-
wcighted averaging of ten \\’()~lis  very IV(II, II(\(,r

gi!illg  u)vng ( i.e., I)iased)  answers, and usually
l~,:itig  sllrprisitlgly  cfficicnt,.  For much the same
reitso]i, t 11(! al)prosimatc  weighting we advocate
has all t lIese good qualities of unwcigbted  aver-
agitlg, I)ut in addition gives estimates which are
llcariy ol~[imal. Since tile cxpec.tation  value of the
lveigllted average is indel]cndcnt  of the weights,
\vt, are I’rco to usc any itlformation  available to de-
tern]il]e tl]elll so Iollg as we avoid the one taboo:
w< II) w~l TIO1 look upoIf o dalu In while picking its
I{IC /J/l/. \\’cigl]tillg  ainounts  to tnultiplying  each of
tl)r (li]t~~ t!c[ilatiolls  throl]gl)  by a constant. Just M
t II(,  sol(l(ioll  of a lloll-singLllar square system is un-
afIcc[ed  I)y t Ilis operation, the expected solution
of all ovcrdcternlil)cd  system is also unchanged if
al]y data equation (7), is multiplied by a weight.
Iletlcc, even a vcr ry l)oor mtilnate for the weights
calillot introduce  any I)ias into the results, it can
only illcrcasc tile ~il~iallce  of the estimate of the
allslv(’rs.

~\s (~xl]cctc,(l, exl)(~rirt]cc IIas confirmed that tbe
\’ill’i;lll  C(’S of tlIr r(wlllls are very insensitive to the
v;II1l[s IIs((I  lor tll(’ Ivcigl]tiilg. ‘1’bc resul ts  of  cx-
I)(rilllell(s ivilll I(al al]d silnlllatcd  da t a  ( s ee  bc-
loiv),  <1o11,  I,y will]alyzillg  [l)e salne d a t a  s e t s ,
\vlii I(’ ttlr~illg  ot)ly [II(J cl]oice of wcigllts, are com-
Illrtrly  ill Iiccord  Ivitll (IIC conclusion that any rea-
so]l[il~le (accurate witl]in  a few tens of percent,
~ii~ ) val LIm for the weights are adequate.

‘1’l]e reader  II]ay Jvollder  w h y  w e  b o t h e r  t o
\veiglll tllc  (Iata equations at all, since the values
nlatter so lit t Ic. ltc(lcct ion about the weighted av-
{’r:l{(’  l’bIIIIIIl iI, ( 1S), il~~licatcs that if the variances
0[’ II)(>  tla((i  l{, a[c’ collslallt  )Vitllill about, 10’%, then
(1)( gait] ill (llicir[lcy  of cstillliltioll  due to wcight-
il)g is (Il]ile  Slllil II. If,  011 tlIe other hand, the vari-
illl(’t’S  ill 111{’ (Iata vary l)y a factor of tN’0 or more,
sa~, tll[[l ill all utl}v(iglltml average the terms in
[IIe SIIIII \vitll tllc largest variance can dominate
t II(> varial~ce of [hc entire estimate, and the ef-
frct of tile IIlost  accllrate  terms would be lost. In
SOIIIC  cxl~(~rilnelltal  circulllstancc.s  one might sim-
l,ly ( IIrolr  0111 t Ill. least, accllrate  terms with negli-
gil)lo loss ill (l[ici(’l)cy, I)ut  ill otllcr  situations, the
lv(~igl]t. of lllilll~ t(’I’lll S, each Jvith  Ivitb large unccr-
Iilillti (’s, co~lld L!(llliIl  or cxcxxxl tl]e weight of a few
1~’rills !rilll stIIallrr  llllccrt:~itltic:s. ‘lllen the cost of
(Iiscilr(lillg Illr Inany tcrllls  with larger uncertain-
t i~+. ivo IIl(l  l~c, [Ill:tcce[)tal)lc. In deciding whether
to lv(,i~ll~ or I1O[  OIIC  t]lust consider both the dy-
ll~l[llic  raIIg(J  of tll(~ ullcertaint,ies  and also their fre-
(I(lrtlc! distril~(ltioli.

‘1’1](’  tler(l  for accuracy ill the wcigl)ts  parallels

11



tbc ilnportance  of wciglltcd vf!rslls unt~eigl)lml av-
eraging. For the case of lll~AO .J’, cotmiderillg SIICII
effects as tllc (factor of scvcra]) ,grolllagllctic vali-
ation  in tbe rates at hig]l  energy, Iivc titnc  variil -
tions,  different binnings,  and data sclcctio[l cuts,
it is well wor~h tbe trouble to me weighted least
s q u a r e s  wbcn fitting to scan data. ‘1’lle stall il-
lustrated in Figure 5, for example, contains Ilvo
c.mcs in wllicl]  the normal X 6° I)ins were sl)lit into
unequal smaller pieces; tflc ?Ii and Jw>igllts IIrc af-
fcctcd correspondingly. ‘1’llc requirellletlts  OII [II(,
accuracy arc, IIowcver,  easily met,. III otllcr  cir-
cumstances,  w h e r e  tllc COUII( rak ill a sitlg,lu fil
shows great variation from bill to bill (for (~xalII-
ple, as in fitting to a spcctrunl  Ivitll  s(rot)g Iitlcw),
weighting would be essential, and tbc need for all
accurate estimate for the fi Jvouid he soll]etvllal,
more demanding. Yet still not severe:  it is dif-
ficult to imagine a situation which JV~IIIIl  require
better than 1OYO–2O% accuracy in il to avoid scri-
ous loss of scnsi!ivity.

5 . 3 .  Illll)lclllcllt[ttic)ll fc)r Iii,’.to :~: ‘T]](:  ll(!l-
ntivc:Rntc  Vector 1~

For IIL’AO  3, ill tl](> low vlirrgy g:llllllla-ral  r(-
gioll, tllc backgroul)d  i s  (Isually  II IIICII [II( I:irg(hl
term in the total count rate, so i)i is rollgllly ljrt)-
portional  to the live tilnc  t~ al]d just wf’igll[illy
each bin by l/ti is often sufhcicllt.  To allow [or tllt~
possibility that otllcr  components  t IIall t 1)[’ col]-
stant term in the background tnay colltril)llt(’  sig-
nificantly, wc define a vector 1/ of rollgll ‘-rcl:ltiv(
rates”, sllppliccf by tllc user, for (lil Cll Collll)ollf’lit

Oftllc nlodcl.  Tll CSe Call be Ilorlllillizf ’(] I)y (li\fi(lillg,
cacll colnponcl)t  l)y tjllt’ l)acl:~ro[lll~l.  ‘1’11(’ Vf’clor /7
is tllc illcorporatiotl  of ollr st ratcgic idea c)I’ {Isiilg
a p p r o x i m a t e  a prio Tl ill fortllillioll,  I)llt  ill<lrp(ll-
dcnt  of tbc obscrvcci data ~]i, for t II(> tveigllt il]g.

uSiIlg thk, \ V C  COlllI)UtC  rda[iV~ Vil]LICS fol tll(’

expcctccf  counts  in  each bin,  and thins ol)tai]l
weights:

‘1’llis choice wcigllts each ofcqllat,  iotls (2) I)y ii l’ac-
tor proportional (to tile accllracy  of ollr alJl)rox-
ill)atio]l f o r  It) to l/Ti, s o  tll{! !v(,igllled  Il{)rlllal

\
matrix D = AT W2A I)CCOIII(’S

(’2:;)

At the risk of bclal)oring  (IIc poill~,  w(> stress ilg:lill
that the background in forlllatioll  illlro(lllcml  }in 17

is u5(KI oII/y to \vcigl]t tllc equations (which can-
lio( cll;it]g(  (Ilc, ir ex[)cctml  sol Lltion), never to sub-
(ract  II)(> I)acligro(l]]d.  ‘1’lIe latter would int roduce
severe  sjs[clllatic error if tl)e background model
!vcrc incorrect (for IIEA O 3, by even 170).

‘1’til)lc  1 SIIOJVS  tfle RMS errors obtained from
a silllul:l[iol) ill u,llicll  the same Monte  Carlo data
s(~ls JvcrtI  all(ilyzcd using seven different choices for
17, I Ill’ Iirs[ Msc]]( iaily CXil Ct and the otbcrs  m o r e
o r  10ss il]corrcct, \\ ’roIIg  values for ~ produced
o]liy [Ilil]or  ii~crcas(w ill t I)c scat ter  of  the csti-
llLale(l rat(!s.  l~acl~ row in tllc table  summarizes the
MWIIIIS for 10, ()[)() difli:rcllt trials with simulated
co LtII(  da(a sets for tllc same scan. l’he  same data
srts ircrc (Isml for each row, and were analyzed
i(lclltically  excel]t for the cl)oicc of the relative rate
vt’c(or  17, “1’11(> irltrtivc rates for the five compo-
llo[]ts a[)pf~lr  otl tile left, and the Rhl  S scatter of
1 II(T mtittlilt(s ol)taillcd  011 tile right. ‘Ile colurnlis
ill tllc ttll)lc are Ial)(’led  I)y components j in the
II IO(IVI. ‘1’11( Iivt’ tilllrs  all(l response vectors arc
llt~, >;lIII( :IS ill l:i:iir(~ .5. ‘1’IIc ‘“true’>  component
CO IIII1 l’ill(S, \IMd ;Ih illl~llt ill gellcratillg  tllc t r i a l
(Ial:l, \v(’1” [’: (;. () , 2.0,  ().2, 1.(), [s-l] and 0 .03 [s-l
[)(, I’ [I f,l) Colllll  s – ’ ] ,  f[,r 111(? l>:lCligrOUIld,  ~J’g’[lUS

X 1, ( ‘jgIIIIS X-:], tl](’ (~ill:ictic  ccntci,  a n d  t h e
(r 1,1) c(](flici(lll  11, r(wl)ect ivcly.

5.4, l,ill[!:~rity  o f  Solutiou  in Observed
collllts

()])c(J  tl]r ivcigllts ill c(lllation  (16) have been
tl{ttulllill(~(l  tvi[l]{)llt  r(~colllw  10 ll)c data, t,be solu-
[i(,!l  1,1’((1111(> lill(>ar  ill (lI(s ~I; so llInl the estimated
l’; l({>  /j is

“ J =  X(j)); (24)
I

{Vllol’(,  [11(,  (I,  , :(rt> I]lll]ll)ers,  (Ietcrnlinecl  f rom tile
Ill:ll[ix ]ilv(’r~iol] as f(ltlct ions oftl]c ii, tllc l~j, and
tll[’ Ivc’iglils, I)llt  1101 Of ’  tllC tl~:

hlal Iy ~l(lV:lll{il~(?S  Ibllo!f  (Iircct.ly  from tllc sinlplic-
it!’ of’ [(l(la(iol]  (’2 l), ill particular its linearity in
(11[’  Ol)S(’I’\” (’(1  (I[ltil //;, I 1 is very collvcnicllt  com~)u-
t:l[ioll:lily I’<)r 111{> :il)iti~sis ofsl)cctra, bccausc  it is
II(II II(x’(ws:II’y [o fbrlll  illl(l illvcrt tllc normal  nla-
1 rix ill {Jfcry {’ll[rgy cllallllel. ,fll that  i s  requi red
IS I()  ~(ll(,r:][<~  1 II(. [-[lilltcllsiollal  vectors  CIj ( d c -

}li[l,(l :Is {(ljl,(l~~,  ,$(]jl )  OIICC, anti then form
tll[  sc:ll:lr l)ro(llicts T7~ (Ij, Jvllcre fi~ i s  tllC I-
vf,clo~ of rollllts ill cllcr:y cl Iam I(’1 k. 13ccausc tllc



detector responses l~j are sloivl~ vilr~il]~  fIIIICt iotls
of energy, the nor~nal n~atris  l]]ust  ill l)raclicc l~r
formed and inverted at \vidc e]lcr~y interv:lls,  ;iIIcl
the &j inter[)olatecl,

5.5, Validity at Low Coul~t Ihtcs

The folklore of the standard method reqliircs
that the number of counts  per bin should not I>(>
too small (e. g., 5-30). in contrast, because tllc (s-
timate, (24), is linear in tile observed coiln(s, tll{~re
is now no difficulty no l~latter IIOW slnal] tll(’ ex-
pected counts iii may be. in fact,, it is casy (.() sl]o\\’
that tile expectation values of tile estil]la[mi all-
swers  are exact independent of ally size cotlst rai!lt
on the n’s:

[ 1E[ij]  =  E ~aji?~i
. .1

and this  will be identically c(lllal to tj if olllj III(
data in different bins arc statistically in(lcl),’lltl,ll[
and tile condition

(27)

holds, regardless of the distril~ut,ioll of the (Inta.
Here as usual 6jj/ = 1 if j = ~’ atld zero otllor-
wise. Relatio]l  (27) follo!vs  froln t he rl)at rix illvt~r-
sion  and tllc dcfillitioll,  (25), of tile ~IJ, (~~ ~\I~-
pclldix 1 ) . ) .  I t s  va]idi~y  (Ioes tIot (Ie[)elld  oll I Ill
choice, equation (2’2), for tllc !veigllts, illlll~)llgll
of course tile variance of tile est. ill]atc (Io(’s. ‘1’11(

probability distrihlltions of tllo fi]]al ans!vets, 1,(1-
ing the averages of many SUCII  sing]e-stall estim-
ates, will be accurately normal by tile (:el]t cal
Limit ‘Theorem (c~ section 6.) if otlly tl~c total
number of counts, summed over scans, is l:irgc,
and will have the correct means and widths.

Figure 7 illustrates a set of Nlollte Carlo sil[l\lla-
tions of the scan in Figure  5. The  live t ittlm t; and
response functions I’ij ll:lVt’ bWll t:lkc)ll  fl’olll Ll:lt  ~1

for the real stall. ‘1’lle rates  r~ in  tilt> Ino(lol  IV(JI(’
then CI1OSCII decreasing I)y sllccessivc factocs (~1’
100, so tile counts I)er Ijill ranged frolll X 100 (~i ).
to % 1 (B), to % 0.01 (c). ‘1’he mp(!ct(d  (-Ollllls

w e r e  conlputcd  from (lie tl]odel (’qllat io]l (2) fol
each bin, and tile observed counts fou]ld I)y hloi][(~
Carlo,  using a I’oissotl randotl] llllll]l~(:r g(l)(,rator.

‘1’I]c rcs[ll[.illg  siln[lla(ecl  scans were analyzed by
( lle II L’.I1  0 2 fittil]g s(ll)routil~c. k’inally, t h e  rc-
s~ll[s \rcrr  tal)[llated  for really identical scans, dif-
f(’rillg only in tile klontc  Carlo values for the ob-
served co~]!]ts. ‘1’lle number of scans for A and
II were clloscn to give tllc same number of total
counts .N = ~i,l(~~l)i)  wllcre  (~~l)i is the number
of coi]])[s  ill bill i of scan 1, in the simulated “ex-
l)(rilll(tlt”  of 1, scat]s. For C, I, had to be reduced
frolil t I]c ideal of 1. = 108 due to computer time re-
(l(lir(~lwl]ts  and to t IIC repeat cycle of the random
Ililnll)er gc[lerator.

I:igllrc 7 sl]olvs  tllc: results for Cygnus X-3. It
is at] Csl)ccially dcnla[lding  case, being a weaker
sollrcc,, OI!IY S“ (compared to the 30° FWIIlvl of
fl~,’.40 ~ ) frolll a ]l)uc1l stronger one (Cygnus X-
I ). ‘1’l)e IIorizolltal and vertical axes have been
scalml l~y t lie appropriate theoretical factors (see
‘1’ill)lc 2) [0 keel) the proportions of the histograms
till, Sillll(’,

\\:lli  Ir LIIC {list ril)[ltioll of tllc estimates for each
SC: III CPLIS(W to I)c  llotlnal  at, Ilie  low rates  in (C),
fvlltI(J t II( (Ix[Jtcl(~d cout]t is at>out 0.3 per scan
(:10 Ilills x 0.01), y<>t  tllr Illeans and variances arc
sl ill c(jrr(~(,l ‘I’ll{, l:~rgmt I)cak (off scale in tllc
Iig,lllc Ii)r tlIr walt SlIOWl(~  at zero rate in (C) cor-
I’(’s[)oll(ls  (() 1 Ila[ 70% of ‘ ‘Ic scatis with 110 counts
:,( [ill. ‘I’l Ie !Iext gro[ll) of large peak corresponds
to sca Ils !ri[ll OIIe coutl(. ‘1’lle abscissa of each peak
COrr(,S[)Ot](IS  to t]le (iji vaIuc for the particular bin
ill Ivllicll (I]c COIIIII  occurred.

‘1’11(: corres[)oll(lillg  Iiistogralns  for the other
~OIIr coIIIl)oiIIII(s  ar(> similar. ‘1’l)e all have (cj Ta-
I,lr !) II(:Irlj  tl~( ri~llt Jvi(llll crt, and arc essentially
(’(,111 (>1’IJ(I  :11 1,, t II(I 1 III( ill!)~lt  rate used in tllc sinlu-

Itilioll. ll~ct frt is [II(  theoretical uncertainty in the
(>lilllilliol] ol’i. [’or tl sitlgl(’ scan, according to equa-

tion  (2s) ill t II(, liest s~c(ioll.  ‘1’IIc actual o b s e r v e d
ctlllroi(l  of (Iir Ilistograln  of flux estimates for L
WaIIS  is (r}, al]d its olxervcd  lUIS width is (u).
‘1’11(’ (li[l’(’wl~ce, ( (r) – r) s A7’. The magni tude
of’ L? sl]ould  Iw of order mt/fi E UL. Final ly,
[ II(J sig]]i[ical]cv rat io, I’/crr, , for each source detec-
tion (lt~lJcII(ls 011 tll(’ total Ilunll)er N of counts in
I Ilc txl){rilllcllt  as ~, I>llt not on the number of
(ollllts  I)rr  I)itl.

11( ’11(’(’, l)ar;i(loxical  ilS it IIlay seem,  i t  i s  poS-
sil)l(’  [0 (10 a l):l~ligrOlllld  slll~traction  or a even a
cl:lssic:li 1111111 il)araltwt(?r  Iillear least-squares fit to
cla[a jvllicll lls{lally  colltaitl  zero o r  a t  m o s t  o n e
CL> II III. :111(1 ol)tilill alls!vi~rs ivhich  are both correct
aII(l  1111(1{’~1’it(l(’(1  it] [ II(, sc]lsc that t he  s t a t i s t i c a l
\lllCllt ililll ies alc !Vllal  011(’  Ivould e x p e c t  frotn the
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total number of counts  ill tl]e ovt’]all data srt.

One can verify by n~llllerical conlpllt:itioll  (a]ltl
it is straightforward Lo show analytically) Ili:lt if
the bins are not choseu tOO Iargc, tile @ji are il~-

dependcnt  of bin size, so that tile cf[ect  of a colint
does not depend on the binning. Dy equation  21,
each count contributes an incrctnellt,  Clji,  t o !’j

which depends on just the response l~j al t Ile
generalized co-ordinates, qj, of that COIInl,  itl(l(-

pendcnt  of all other  counts .  It is tl)is l~rol){rty
whic]l  gives our ]Japer its title. ‘1’1111S ii COIIIIIIOII  ol, -

jection to tlie use of bitlned dat:l- tlla~ it IIlroivs
away information due to t.lle ilrl)itrariness  01’ (11(’
binning-is overcome, for tile results ol>taillcti I)w
come independent of tl]e bin size and I)oundari[ss
once tile size becomes small compared to tile SCill(’

of variations in Tij. It should eveIl be l)ossil~lf,
to clesign data analysis systcllls  which avoicl l)iil-
ning altogetllm,  by directly coll~putillg  tllr rflocl of
each event on tj ill terms of tllc r(~spomr function
I’j(q),  at the point qi where tile (’vent occllrs. ‘1’11(’
computation would be IJorforlllml  t’v(~llt  -l)y-{}l,  ill,
rather  than by I)ins,  so tlliit Iarg(’ arr:~ys of (Jllll)ly
data bins would I]ot br ne(’d(!tl. Itl silcll ii [))(’I  1)0(1,
the norlnal  nla~rix w o u l d  I)c co IIIl)IIt(d ii] 1( ’rIIIs
of scalar products of tile response Illllctiolis,  I)y
integration over tl]e evctlt co-or dillat~., q.

6. Estimation of Uliccrtaillt.icx

Tbe  standarcl  method  gives uncertainty aIId u)-
variance estimates (e. g., l]evington l!)[j$)) froth tll(
elements of the inverse of tllr norlnal  l]~at[is, or
covariance ]natrix.  ‘J’llis  is iwssil~le  (w[,tl(  iillly 1)1-
callsc the tlornlal  lliatris ~rol)] r(lllatioll  ( 17), 1(~11-

Lainitlg tile olmrvfxl col]lils :is it (Io(’s, Il;is :111 [II(
Ilecessary Inforlnalloll  ill it. ‘1’II{J Sill ill’  illltjrill:llit,tl

is present in eqllat, ion (l(i), all(l it (’iill l)v LIS((I  ill
thC same way if estillliitc!s Of tile //i ill’(’  :lVilil:ll)l(,

IIowever,  if we llavc used only relative count ratns
to estimate the weigl]ts,  as ill practice \vc do for
lfliil10  3, an overall scale factor IIlllst I)(’ recov-
ered. Appendix I’;. SI1OWS  I]ow tllc formlllas I)(*I(JIv
are related to tbc more fanliliilr  covariance  Il]:lt rix
ol)taincd  from tllc sta[ldard  Illetllocl.

6.1. 13asic Ull~~!~ti~illt.y F{)rlillll:is

Unccrtailities  ill tile t:stilllated  rat(>s ctlll IJ(
found directly frotn equation  (24) l~y

u: = V[i’j] = ~,l~l\r[?/i]
i

= IX,”
1

ll~illg [he i(lc]l(ity \T[ati + 60] s a2V[fi]  + bzV[ti] if
[( ali~l L are constants  a n d  ii a n d  O are uncorre-
Iat(xl r~lll(lolil varial)lcs  Since fii is given by equa-
tion (2), tllell

29)

30)

011(1  ill’(’ l)ositive if 1~~, ~ l.). l;quation ( 2 9 )  S11OWS

(’xl)lici~ly Iloiv ~l)c ullccrtaillty  in each unknown is
I)roducml l~y t IIe true count,  rates in tbe problem.
‘1’lle ullccrtaillty  estimate (29) for ?j turns OUt to
Iw [IIC saln( as t lle utlcertainty  for a single paranl-
(~tvr of illt[,ri,st ohtaitlcd  usit]g the mctbocl of Avni
(1!)75)  it, [11(’  lill(’ill’  CiiSC.

‘1’11(  11>, of(xl~[:ltioi]  (29) to calculate the ullcer-
[;litltiw  rt’(llliltw sOIII(’  eb(il]lale of tl]e ~j. It is pOS-
.sil)l(~ 10 (I,S(S  (I]c Ii[[rd amwers from equation (24)
<Iit(c[ly, a[ld for ctrtaill l)roblelns this may be the
l~(st or oilly :1~’;lilitl)le choice. however, ill the over-
all /f F,’zl (j .) scan- l)y-scan context, it is unsatisfac-
tory for tile follolvillg reasol)s.  First,  tbc estimates
(ZI) of I“j for i~tl in(lividllill scan may be negative.
\lore illll)ortatltly, tve Jvisll to use weighted aver-

:I:+illg  10 collll~illu vstitnatm  f rom the scans Into
Iill:ll a[islv(t~. ‘1’lie Iv{igllts  J~ill be de t e rmined  by
Ill, lltlc(ll~lilllii,s ill tl]r IJ I“roll] equation  (29), b u t
i i ’  Jr(,  (Is({l  111(, (I;I(:I (Iii(>clly 1 0  vstilnate  t’jl we

fyt)llltl ;t:+;~ill II;III, :1 si[ [Ia( ic)l] it] lvllicll the weights
:111(1 (l;It iI ill [Ilt :Iv(ragillg of’ equation (1S)  could
I,( cOII(I;II(YI.  ‘1’0 ;Ivoid IIlc possibi l i ty  of  intro-
(l~lcillg s[lcll a I)ias, Ire Ilave estilnatcd ITj in equa-
lioll (’2!)) ill(ltj)[>ll(lc>lltly. hlillor  generalizations of
t l)(w) 1]1(1  Ilo(ls s(lggcst sitnilar  approac]les  wh ich
lllii~ 1,1, a[~l~lical~l(’  to a v a r i e t y  o f  otller  experi-
111(’ills.

OJ. 1. lJI1{ 1/(7111/11s J10111 lndcpr1Jdc711 Local Data

011( sillll)l(>  :111(1  robust solution, which works
\vl IcII tllc i)ackgK)lIIId  is Iill’g(? and not  too variable,
i> [0 tsl illla(e (1)(>  l)il CligrOlll)d for tile scan in the
follr 11/;.t~)  ,] clet(’ctors l)y sutlllning  tbe c o u n t s
atl(l Iivc, t illle for (~i~cl).  Ily Iising ally three detec-
Iors Jvc call (’S1 illlill(>  t II( 1):1 CligrOUlld  rate for the
r(lll;lillill:  otlt’ ill illl ili(l(’1)(’11(1(’llt  way. ‘1’he s ame



method is then applied to the other  three dc~tectors
in turn. This nmthort is adequate for f~J;A O j be-
low about 1 i$IeV, or in broad energy hal]ds (Ill(il
geomagnetic background variability becomes large
even witbin a scan, above about 2–3 NIeV.  It is
convenient that the HEA O $ exl)cri]nent  consisted
of four nearly identical detectors, but I[lore gf’lI-
erally  even from a single counter one can always
divide the data into several interleaved I)at(s, aI)d
similarly est imate the wcigllt for each IJar[ f’rolll
the data from the otllcrs.

This method suggests that a particularly sitll-
ple alternative solution  to t,l]c problenl  of’ dtlcr-
mining uncorrelated  weights for the ‘1. I,SQ fit tiag
would be to use, in equation (17), instead of ~~i,
an average of the data in neighboring bins. l;w?lI
though a slight correlation relnains  ( r~ Al)pollflis
Il.), such weighting shou]<l retlml’e tile l~ias to a(lc-
quate  accuracy for many situations. I)roblc]lls  ilS-

sociated  with having data in tfle norlnal  Illiit  rix  -

thc need to re-invert, for eac]l di~ta  set, atl(l  possi-

ble poor conclitionil)g--  lvouI(I return but this alJ-
proach lllay still I)c tile best llletllO(l  aVililill)l(’ for’
occasional use.

6.2..2. Uncertain ly-.. JIO1)l  1((11  C ilfOdCliil~

At high energy, tile previolls ..3-detector” llic-
thod may fail. First, the varial)ility  of tile ba~li-

grorrnd even within a single seal] brcol]ws si:llif-
icaut,  because of the increasing all]plillldr  of ge-
omagnetic  variation. Second, III(,  cou[)t r:ltc ill a
narrow chrmncl  becolnm  so low tl]at  there is ofl{Il
not  even one cou]lt ill ttl(’ ol.llcr lf]roo ~lr~cctors
‘1’hen no cstiltlate of tlte  w(’igllt  is avllilal)l(’  ;III(I 1 II(,
scan must be discarded. I,or s(lcll cIrc II II Ist;  II It(, s
wc have developed a Inctliod Ivliicll fiis ( hc l):tcli -
grorrnd in each energy cl)nllllel to a ttIo(l(,l of 1 11(>
form (4): a comtant plus a terln  prol)ort iol)al to
the germanium detector lJI. IJ rate. “1’llc COIISI;III(S
A and B are determined eittler  frotn previous sca I)s
or from a table. This method  has proved sllccmsf(ll
in tllc analysis of the 1809 IiC!\r  2’3/11  line (Nlal  Iol L(’y
et al. 1984). More generally) atly Iilodel for tllc (’s-
pccted counts which has tile accuracy IIetI(l~d  for
uncertainty estilnatiotl illl(l wllicll is llnl~iasc(l,  ac-
cording to the principles in sect ioil 4., slIo  Iild I)(”
adaptable to this purpose.

6.3. Distril)ution of Flux Estilnatcs

Ilccause  of tile linearity of tile fitting all(l av-
eraging over  stalls, tlke fil]al (lax (’Still lilt(’s coItl(l

i n  p r i n c i p l e  bc writtel]  as ii SIIIII oi’(’r /ill I II(’ ol)-
scrved courlts,  eaclt w i t h  a  COll Stilll[ co-(’llirit,lll

(!, c,, dcl)cllding on tl]e i’s, T’s, and t rue fi’s, but
l~ot (1~’l)ea(ling  011 (I)c data) determined implicitly
I)y [ lIe procedllres  defi IIcd  above. By the Central
I,illlit  ‘llleorel~] (Eadic  et al. 1971,  Sec.  3 .3.2)  i t
follolw t l]at tile estilnatect  answers should then~-
selves be Ilearly  norl]]ally distributed about their
trllv valu(,s if oi)ly  tl~c total number of counts in
[’:IcII  energy cl)allllcl, surnmecl  over all the scans
ill [Ilr ol)s(~t~it[ioll,  is l~ot too slnall  (by, say, the
[r:l(litiotlal  fi--30 coulits  criterion). For IIEAO 3,
[Ilis  is ( l){> case c~’etl  for single I’IIA channels in
tilt, co[l(illuull~ at, al] cllergics (c~ F i g u r e  1) f o r
t.yl)ical so~lrcc> ol)scrvatiolls  of 30 days (live time
{ > 10: s). 01] the other  hand the tails of the dis-
tril}utioll Jnay di[fcr substantially from those of a
Gaussian  for l~arrow-band  effects observed at high
(t I(’rgy ill snorter tilnes. T])e nulnbcr  of counts
COI]I  ril~llt itlg to ~,j IIlust lx: borne  in mind when
lr:lllsl;~tillg  higlllils into l~rol~ahi]ities  in such cases.

,\ sellsiliv(  ((st of tllc succcss pf the uncertainty
[w[itl]a(  ion i]l](l of tile overall mctllod  is to make
il Ilistogra[l]  of slatldardizcd  stall flux e s t i m a t e s

al,oII[  [Il<ir ill(:iti, For racll scan 1 we compute

{// — /“/
:,. —

al ‘
(31)

IYIIerc  UI is [IIC fitted cstilllate of tllc f lux obta ined

for ~ Ilal sc:lt], al is (Ilc corresponding uncertainty,
[I II(I /( is tllf  ’ esti])”r:  ited lncan flux

(32)

- :t!vitll wi = rrl ‘1’1](  Ilislogram  of tile frcquen-
(’1(’> (Jr ()(’(’l lrl’(’1l (’(’ of tl]c :1 slIoIIld  bc nearly rlor-
lIlai, \fil II z(ro l)~f~:il] ii]l(l ~lllit statldard dcvia-
[ic)tl if III(s  llLI[tll)(l of’ coullls  ill each scan >> 1.
I;lrll il’ Illt’ Illll)ll)fr of counts  is small, the mean
;Il]tl li\l S l~i(llll  o f  llle Ilistogram s h o u l d  stitl
I)( Z(K)  illl(l 011(’, r(%l)ect  ivcly,  F i g u r e  8 s h o w s
~[lcll ii Ilislogralll,  ol)taille(l frolll tile anatysis  of  a
SOIIICO frol]l Ivllicll 110 sigllificar)t flux was observed
(Alalw’ll(,r’  (/ (11. 19s’4).

‘7.

Ill

1.

Dis{:l:ssioll  :UIC1  Sllli]lnary

sllllllilary,  olir IIlain  results are as foltows:

Sj’St(]llilti  C error ill slll~tractirlg  the strong,
IIigllly  varial)le background encountered in
t II(’ lo~v-ctlergy  gall lnla-ray  region can be sig-
Ili{icit])t  Iy re(l(lced I)y analyzing source and
l)i((’1(~1’ollll(l  [Iata paired togctller  in short
s~’:Ili(’Ills.  .Sigllificiilll  rmults  can be built  up
1)}” I II( \!li~Ilt((l  il\’(>l’;lgillg Of Iliany  SUCI1 Scg-
111( ’111>.

Is



2 .  Exact  clcrivatio]ls for fi(ti]lg I’oissoll  data 10
l i nea r  models  yield the saltw cqualio]ls  for
the optimally weigl;tcd I,inear  Least S{luares
(l,LSQ)  and h[asimuln I,ikelihood ,,,etl,ocls,
subject only to the correctness of tll~, !I1o(IcJI.
IIowever, if t h e  wcigllts arc I]ot  lillO\\’11 t’x-

actly, a  c r i t i c a l  c r i t e r i o n  \\~llicll  u)ust I)($ sat-

isfied by least-squares algorithms is that tll(’
covariance  ofeacl)  datuln and its corrcsl Jon[l-
i n g  nornlalizcd  wcigllt lllust  be zero. ‘1’llis
follows from tllc observation lllat cl:issical
linear least squares is all exallll)le of Ivriglllc(l
averaging. }\ CCOrdillg  10 tllc (.; [LIIss-h[:II”l(OV
theorem, LLSQ sta~istical  cs[ilnators  Ivllicll
satisfy this  criterion arc virtually tlIc’ 1)(’s(.
possible, in the followil]g sense:

(a) the results obtained are rigorously ,li,-
biascd independent of tllc statistical
distribution of tile data, tllc Ilulul)(r of
samples, or Ot her I)llysically l’CilSOll;  ll)l(’

conditions on tile }vei.gilts;

( b )  with tl)c optilnal  cl]oicr  01 weigllls, [It,
other Iillear cstilllators give (’Slilllill(,S

with smaller 1/ hlS errors;

(c) the above ,)ropcrlics  arc 1 ril( lb, sl,l:lll
samples as well as mylnl)tol  ically.

3. IIowever,  LLSQ cstirl]ators  for l)oissoll (I:ll:i
(PJ.LSQ  estimators) as they I,ave he,,,,  illl-
plemented  often fail to satisfy llle covari-
auce property in (2) above, tyl~ically (lilt’
to the approxiluatio]l  or tile vari:~llce I>J I Ilt’
observed counts; such (~stilll:ltors gI:II(Jrall)
give biased results. ‘1’llc cII’IIc[,  l~villg ill(l,,-
pcndcnt  of tile s(atis(ical  dislrilj[ll  ioil 01’ I II,
data,  has Iiotlli]lg to do \vi[ll tll( Iailllli’ (JI’
the l’oisson distril)utiou  to I)e ill)l)roxilllilttly
normal for sruall Ilulnbcrs of co[lll[s, CO III rary

to a common belief. [f zero data ar(~ rt’lllacml
by ones, the ~i = @ approxinli]tiol]  I)iasts
e a c h  data bin  shout  onc coul]t low ill tllc
range of expected colll]ts frolu 10 to 10[).

4. Since the variance of tile cstinlatf~ is otlly
a weak function of tllc vector of Ireigllt>
near the optimum (a quadratic near all cx -
trclnuln),  it is IIot di~fic(llt to  fiII(l  1’[.1.S()
weights whic]l arc essctl(ially  ol)l illlal I’or ;Ill
practical purposes, so long as [II{’ cril ici~l
p r o p e r t y  i n  (2) ai)ovc  is satisfif’tl. Ilcllc(’ iv,
can devise PL1, SQ t:still]ators  wllicll  iil(~ rig-
orously ullbi:wxl  and Virt Uillly ol)tilllal  for
arbitrarily low collnts. \\Jc discllss varioils

II IPa IIS for doing tilis in practice. For such cs-
[ illl;~{c)rs,  ill tllc litl]it as tllc bin size becomes
s]tlall, tllc e(fcct  of each count becomes inde-
I)rll(l<llt. of tllc bin size or I)oundarics.

.5. \\’l]t,n analyzil]g  successive data sets under
coi)stallt  cxpcritncntai  collcfitious  using the
tyl)r of l’I,LSQ estimators described in (4),
(lie tv[!igllts  aIId tlie Ilornlal matrix r e m a i n
colls[.a]~t. ‘1’ IIc]I successive estimates reduce
(o [ IIL, l-tlilllelwiotlal  scalar product of the
v(’ctor  of olls(’rvcd  cou I)ts with a c o n s t a n t
v(ctor coll]l)lltcd  frotn IIIC inversion of the
liorlnal Illatrix,  al~d tl~c need for a matrix
illvclsiotl for cacll data set is elilninatcd.

\Ialty I)OO1)IC Ilavv cotltrihutcd  to the IIEAO  3
~c;~l)-1)~-scilll  a]laly+is system and to the ideas dc-
v(slol)e(l ill (Ilis  pal)er. \\’. A.\\’.  is indebted for
early (lisc~lssions  at]d insights  t o  l)uaue Gruber,
[~IICl (~>l)(wially  10 l’r;il]k l’riln illi for cxplainiug  tllc
r~:IM)II for  III(> bi:l+ il~ IIlr IIsual Inodificd  X2 algo-
ritlllll.  (;[lrll[cr  Iii(glcr  al)(l .lohu Ilradlcy  m a d e
,~s[llti:ll  ,olltrii)llliolls  10 tllc lll?AO  .3 a n a l y s i s
s!s[{ill.  \\’{, ;IISO II I:Ii Ik I{iclli(](l l,auIb,  JaIncs  IIig-
{lt)Il,  .lol III ( ‘:illasatl(l  w[)f’Ciilll~  l,arry  Varllel]  both
l’br cri{ ic:llly r(vieJvillg  (Ietails of the method and
for tl)aliy lIPlj)I’ul  colnll)ellts  o]] previous  draf ts .
Ih)rr[:ll{  (.:ollliskey l~aticntly prepared numerous
(,:irli(,r  versions of 11)(>  nlal]l)script,  We thank the
ailo])yllmus  referee for carefully reading a diffL
CIIII I]l:l[lllsrril)l :IIId  sllggcsting  important, clari-
(ir~llioll> a]l(l illlllrc]v(’111(’llts  in the presentation.
l~llrillg 111{1 illit iill I)arl of tl]is u’orli  \V. A.\\T. w a s
SIIIJl)OIt[Yl  1~> :1 :gr~lllt fro])) tllc NTational Ilcscarch
(“<,llll(il 01’ (Ilt A’;llioll:ll ,ic~l(ltl])y of Scicllccs. l’llc
\\[)tli  (l[~rril)((l  ill [Ilis  l~al)rr JVaS c a r r i e d  out, by
111( .1(,1 I’lol)lll>ioll  I,al)oratory,  C a l i f o r n i a  Insti-
( II(( 01” ‘1’{’cl)llology,  ulldcr contract w i t h  tlke Na-
( iollill ,\t’rollall( ics and Sl)acc ~\[lllli[listratioll.

fippenclix

1r . hl:lxillllll~]  Likt!lilloo(l Derivation of tllc
I’llli(lillll(! lltill E(lllatioll

I’111 I):ihic  ,T(lll:l(ioll ( lb), clcri~’cd in tllc text by
,’l:lssicill I,,:lsl-s[lllar(w, tl 1s0 rmu I ts from t,hc ap-
I)lica{ioll  of [1),> I’liilcil)l(  of i[axit~lutn  l,ikelillood
lo II}(>  I’(,ismll (Iislril)lllioll.  ,1 u’ork  on stat is t ics .

l!)



such as Eadie  et al. (1971), lnay he consulted for
a general discussion of tlic lnaxill)ulll  likclillcmd
method.  In  this  section  we revert  to tllc us[lal
notation for the POissOrl distril)ution  fllnctiol) for
theprobability  of observing t) counts wllel~ tllf’ox-
pected valueofn is x:

(.)P,t(z!)=  : (?-’ (,11)

We also combine tllc live time ti and instrullwl]t
r e s p o n s e  l~j into a sirlgle COll S(allt a;j  SO 111;1( (11(?

model equation for tile cxpcctcd  coullt,s  ill l~ill i
becomes (cjeq. [2]in  tile text):

J

xi = z Uij I’j .
j=l

(i\2)

Then the likelihood L of ol~tainil]g  tlir (I;iti[ s([
{tli} actually observed for a givcl] scl of J rn[c
components {? ’j} is

‘=6{%”-”} (,\:\)

so that the log Iil;clillood fllllctioll 1 = III /. is

Z=~?tilll Zi–~Zi–~l1171i! (,\-l)

i i i

Setting tile derivatives of L with respect 10 l’j to

zero then gives the J likelihood equations:

= 0.

Since

(
; z“~Ji”J’3 ,(

t h i s  b e c o m e s

= CLij,

(,\;)

(f\(j)

(:\7)

‘1’IIIIs ag;iil  I Ivc llilVC  a set of J non-linear equations
ill tlic J II II I; II OIVII rate’s ~j. ‘1’he  denominator  on

tile Iell is ~, ill cxluatioll (A3). Thus we can write
lIIC follolrillg il)tlli[ive  form:

Z (~) “ij = Z’ij (A8)
i i

tile fac(or ill parc]ltllcsm  approaching 1.0 for large
CO LIII(S, ‘1’llis  is all equat ion in the rj t h r o u g h
LIIC del)rt}(lel]ce of xi 011 rj via the model equa-
[ioll (A2). l)i(~(;relll  as this  s e e m s  f r o m  equa-
tion ( 16), if Ivc Il)ultil)ty  each term on the right
I)y (J’i/J’, ) allcl CSxlJalld tile numerator using the
]nodcl we ol~[aili:

(A9)

;\l’tfl  slli)s[il[]titl:  1,’/~, f(>r  (Iij atld = ‘c. ~i, t]lis
t[lrll> [,111 to I)( (tllliralrn( to equation (16) of the
((’xt:

(A1O)

If .r, al( lr;lll(lc,lll  Vill’i:ll)lCS drawl]  f r o m  1 pol>-
lil:lliolls, ; =  1. ,,, 1, all Ivitll  tllc same  mean //,
ttll(l li[lilt~  1)111 l)ossil~ly  (Ii(l’rrcl]t  lfarianccs CT:, ifll)i
:11’(~ l~osi[ ivt~ llllllll)<~rs  or random  variables, and if,
lbr all i’ illl(l i, 1~,~ all(l .li are statistically indcpen-
il(~ll[, (l It,II tll(> weighted average estimator j~ given
I)y e(lll:itioll ( 1S) is an unhiascd  estimate of p, i.e.,
1;[//] = II, ill(l(,l~(]l(lcllt  of tile distribution of the

1;[,; j] == 1:[,:] I;[j] +  Cov[i!, j] (1112)

2[)
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f o r  r a n d o m  variab]cs  i and ~, I)iw beet] usml ill
tbe ICast  step. ‘rhis follolvs froln tllc dc(illitioll of
the covariancc,  equation ( 1 ) in the text. IIecausc
Cov[i, J] = O if i and j arc indcpclldent,  and u; is
independent of ~i, tbe last term in tile sutn (II 11 )
above is zero. Then

i

(1]13)

since ~ w; = 1. “1’he standard choice for tl]c
weights, lf~i = l/u~, lnakes the va r i ance  of ji a
minimum.

l’lle method of estimating tile !veiglit.s  fro]]) ‘ill-
dependcnt  local data” drxcril)ed in section 6.21.01’
the text, wcakmls  tile above collditiotl  ill ( Illlt i( ill-
10WS l[~i tO bC a functioil  Of’ .C,~ for illl~ 1’ # i. ‘1’11(’11
Wi is indcpcndcnt  of ~>i, but w; is not <Iuit(,, via [ II(’
residual” cflect of the prcscl)ce of J’; ill t Ile llorlll:ll-
izing sum. This appears to be s[llall in l)ractic(’.

c, Onc-rm’alllctcr case

We consider the problcm  of estinlatil~g  i~ sinylr
count rate without any bacligroutld  at all, li’lit’11
the data have been binned into I bins, (>ii~l~ lvitll
T~i counts observed ii] a t iinc /, . It is kIIO\VII  t I)ilt
11 = ~ ?/i and t = ~l; al’{? “suf[ici(>l]l sl; lli>(ich”

(I,ebmanll  1959,  IJ,J lT-20)  for tl,is  l>roll~,,l.  ‘1’1,,,(
i s ,  tbe ~llaxirnally c[ficictll (’slilllalor  Ibr t II(’  I lrll(,
r a t e  r is a function  of )) ai]tl f ot)ly, s o  111:11 [II(,

extra in fornm~ion  due to tllc I)itlllillg  is s(IpI’r[lII-

O U S. Nevertheless it is illtcrt’stillg  to ~r)tl]l)ill(’  i]l -
gorithms  for l)andling  binned da~a it) [Iiis  si)lll)ll>
situation. \Vc may set 7~j = 1 wi~llo~lt loss ol
generality.

Taking first the J = 1 case of f:quatioll ( 17) for
t}]c modified X2 method,

((.’1; )

As our second exnnlplc,  we consider t IIC tvcigl~l-
cd average of tbc estimates for Ci]cl] bin, Ii = ~ti//i,

ancl estimate tile nwmurml {111  (’(’l’ [ilillti {’s ill <Til(’ll
bin directly froln tllc olmrvml  Collllts. ‘1’11111 fl, =

forl IIllla gives

(C16)

[ II(’ sa]ll(> as t ll;~t dcrivml f rom equat ion (C15).
Not,, I I]a( ( ll~w results cal)tlot  be expressed in
1( ’’[’111S  01’ ~ 1/; all(l ~(j alol]e.

‘1’11(  I Ilir(l (xaIIlplc  is ngail).wcig])ted averaging,
l)IIt rtco~]liz(w that tl)e true  count  rate  r is the
S; II NC, Ijy lIyl)oL  ll(~sis,  ill every bin. l’llus  tbe rrncer-
(aillty  should bc derived from the expected counts
~11 ill each bin, Ivitll

~(lli/1’)/, =
~(fj/?’) ‘
>——
~11’

(C16)

as (11(’ lllll<llo!vll /’ callccls.

‘1’llis  is cl(ar]y tl]e right answer ,  a n d  the o n e
coltsistrll~ Ivit.1) tllc knowl~  sufficiency of n and t,
m \V(J COIICIII(IO that, tl)c al)swer  (C15) a n d  (C16)
~01111(1 l)y lIIC O( her LJYO lnethods  k simply w r o n g .
Siilce  (,(lllal  ion ( IT) i!] (11(’ text is plainly  incorrect
II ITII I’(II .] = 1, i[s [ISC  for lil]g~r values of j seems
(Iilli(.  illl 10 ,jll~lify.

I’roolfi  :111(1 <Iisclissiolls  o f  tllc Gallss-hlarkov
‘1’ll,orclll  il[)l)(ar ill IH;:l(lir  cf ul. (1971) and Gray-
Ilill ( 10(;1 ), Ilcrc Jvc only wisli  to s h o w  n o w  tbe
IIlll)iilsr[ll](ws  o f tllc IJI,SQ  lil~car estimators is in-
~lrl)ciidel](  of (li(~ LIistril>utiotl  of tl~e data and the
sallll)lc size, l~ut does <Icniand that the design nla-
{ [rix al]cl t IIC \vcigll(s IJ(’ in(lcpclidcnt  of the data.

1A:!  tll(, Il)otlol  mlllatioll  be

fi = I;[li]  = A~ (1)19)

\vlIer(~  Ii is llir I-vcclor  of ol)scrved  counts, F the
[ r~lt’ CO II II[. rate> J-v(c~or,  aIId A tllc 1 x J de s ign
Illilt l’i X. I,(’t 1 11[’ Ieast-s([llarrs  estimate of F be

(, ~ (AT W2A)-l  ATW2, (1)21)



,. ,’

Let tbe weighting matrix W be solnc diagonal  lJos-
itive definite  (~~lii > 0) m a t r i x .  I,et l>otl I A :111(1

W be independent ofll.

Tllcn

E[i] =  ll[cili] (1)22)

=  CIE[lI] ([)23)

= wAF (1)21)
—— (ATW2A)-  l(ATW2A)i(D25)

= lJi (1)26)

1,7= ([)27)

i.e.,  the expectation of the csiimate equals lIIC [r~t(’
value. IIere IJ is tbe J x ,1 identity  matrix, 011 C’7.
Note that tl]is calculation does not mquirc  that
ni have any particular probability distrihll(iotl  so
long as EITli] exists.

Tile critical step  is from e(luation  (I)2z)  to
e q u a t i o n  (1)23),  w h e r e  o IIas I)ct!ll trc’ahxl as il
it were a constant. ‘1’his is l)ilSed o n  (Ilr i<lcil-
t i ty (1112) above for  randolll  varial)]cs. ‘1’11[1>
in this context, “cousta]lt” (ill son,e treatll,o,]ts
tile terin  “dcterllli[listic” l)a.s I)ee]) USC(I insl(:ltl  )
means “independent of tllc ~~i”. ‘1’lle defillitiol]
of a, equation (D21), sl]ows tll( -(lilicic]lcy  ol  111(’

condi t ion that, bot]l  A aIId W I ~ illdcl~(’llflc!ll  (JI
Tli. ‘Tile weaker conclitioll, rcl)lacilig ‘“ill(l(’l)t’lltl(lll
of” with “uncorre]atcd  with” collld be sulwt.itllt~(l,
and of course “nearly u[lcorrelated”  Inay 1)(: aLl(-

q“uate (cJ Appendix Il. ) for tile analysis ofat]y  real
cxperimerrt.

E. Relation of Error 11’ornl~llatioll to C<j-
varimlcc  Miit~ix

‘J’l,e formulation for tllc Illlcertaillties  gi~,ll  ill
the text in section 6. was descril~ed for tl)e ~il+t$.
usually applicable for lff~AO .Y, in which tllr l);lcl:-
g r o u n d  domi]lates  the u]lccrtaintics  as givtll  ill
equation (29). IIcrc we SI1OW how to corr~:ct tl~is
omission, and iudicate  also the rclat ion to t II(’

usual error formulation, in tcrlns  of t IIe covarianc(~
matrix.

Since terms otllcr  than A and n--for  exa[t]l)le,
due to sources-could be sigilificant  ill sol]w sitli -
ations, we take approxilllate  accoul)t of tllrl)l I)y

using tile relative rates ]/j supplied l~y tl]r IIser.
WC define tile normalization ~ to IJC tl]e I)rol)(Jr-
tiol)ality  coefficient. Iwtween  tile relative I’ill(’ //,
and the true rate rj:

\Yi(l}  tll(~ /7 vector sljcci(iml by the user. For cx-
nn)l)l~,, i[ IJO[lI tlic I)iicl<groulld and tbe UI. D were
t~sl)lici[.ly I)rcwllt in the’ fit and tbe uncertainties
\v{Jrr  l)cillg ol)taincd  by tile A + L’U rncthod,  w e
JVOUI(I  cst imate

‘1-1)(  SiIIt  M are over l)itls  i the scan, RA and R B a r e
tllc .4- an(l 11-col))l)otlclits  of 1~, ancl the A and B
valu(>s are ol]taillcd  itldel~etldcllt  of the current fit,
as (lescril~t:(l  in ~~’ction  6.”2. .

‘1’lIeIi  frolll equation (2S)  tbc uncertainties fol-
loiv I>y setting

or ill terl[ls ot’ IIIC error  cocfficicllts Cjj, as

‘1’11( SIIIII ill e(llla(ioll (1;:11)  turns out to be just
(11-1 ),j. II)(’ (li:l~Ollill (’l(lil(’nt of the inverse oftlle
II,)rIII:Il IIIa~ rix. ‘1’llis corresponds to the usual re-
la~ioll o; = (13-1 )jj of tllc standard formulation,
ill irllicll  < = 1. ‘[’IIc coi,ilriar]ces  of the answers

C: III illS() I>(? (wtilllatcd  froln equat ion (E31) in tbe
Sill  ll(’ il’;l~.

‘1’0  estimate ( we colnl)arc tll[, ol)s(’rvtxl  rates
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Table 1: Effect of Relative Rate Vector on lktilnation l+Xicicllcy
Case Relative Rate Vector Components: l{ IvlS  Scatter of Corresponding Estimated Rates:

#1~34 5 1 2 3 4 5

1 1.0 0.3 0.03 0.2 0.0 0.7$50 1.6X(I 2.s29  3 . 1 5 2 0.04914
2 1.0 0.3 0.0 0.0 0.0 ().7s.57 I.(j$)() 2.S29 3.1.52 0.04915
3 1.0 1.0 0.0 0.0 (),0 ( ) .7s .5s  1.(X3 2.s:3.5  3 .1 .54 0.04916
4 1.0 0.0 ().0 0.0 () .() 0.’iS.5i  l.(j~l 2.S31 3 . 1 5 2 0.04915
5 1.0 10.0 0.0 0.0 0.0 O.ygoo” 1,so,1  :J.o(j~  :3.190 0.04959

6 1.0 0.0 0.0 3.0 0.0 ( ) . 7 S 9 1  1.(jS2 2.832 3 . 1 7 7 0.04941
7 1.0 0.0 0.0 0.0 1.() ().7918 1.687 2.838 3 . 1 7 1 0.04974

Table’ 2: CO1llpiil’i  SOIl  Of lCXpc~t(’d  1111(1 OI)S(’I”V(VI  I’:St  !Illilt (3S fol” %1 ()(), 1, and 0 . 0 1  c o u n t s - b i n- ]

Case .4, f41Jl)l”c~.Killl:it(’ly  100 cott]ils  ljcr bill,  f, = IO, 000” SC;kIIS

j Source ‘r (f) (7( (?r) Ar ~L

1 Dkg 6.10U 6.004 ~ 10” T.8(j . 10-] ~.~{) . 10-1 3.7 .10-3 7.9 .10-3
2  Cyg x - 1  2.10° 1.992.100 1 .(is ~ 10(” 1 .(;8 .1 ()(’ --().8 . 10–~ 1.7 .10-2
3 Cyg X-3 2010-1 2.100. 10-’ 2.s3 .10° 2.s”1 .10”
4 G.C. 1 .lo~

1.0 .10-2 2.8, 10-2

1.010.10”” :\.lfi.  10” :~.l(j. lo’)
5 U L D

9.6. 10-3 3.2. IO-Z
3 .  lo-~ 2.{)79.  lo-~  .1.91  . lo-~  .1.9:1.  lo-~  –2. ]  . 1 0 - ’ 1  4 . 9 .  lo-~

cas(! 1). ;\lJl)rcJxilil:ll{~ly  I  CO IIII1 I)t,r  I)ill. // = 1, ()()(), ()()() Stalls

j s o u r c e 1’ (?) 0/ (ti) 31’ UL

1 IIlig (j . lo-~ 5.99s . lo-~ ?.s(j  . l(l-J 7.s!) lo-~ –2.2. 10-”5 7.9.  10-5
2  Cyg x-1 2010-Z  l,99fi.  lo-z ].(jS. 1 0 -] I.(j(s  o 10-1 _~.1 . ]()–~ ]o~ . ]()-’1

3 Cyg X-3 2 .10-3 2.061. 10-:J 2. S:] .10-1 2.s2 ~ 10-1 6.-1. 10-5 2.8 .10-4
4 G.C. 1 .10-2 9.867.10-:3 :1.1!5. 10-1 :3.11 .10-1

5  U L D
–1.3. 10-4 3 . 2 .  10-q

3 . 1 0 - ’ 1  3.()]3 . 1 0 - 1  .l.{)~ . J()-’j  .[.f)() , 10-~ ].~” 1 0- 6  .j,~.  10-6

CasC C. .41) I)rOXilllilt~l~ 0.01 COllllt S 1)(’!’ I)il}. 1, = 1,000,000” Scans
j source r (F) 0( (&) A 1’ 01,
1 Ilkg (i , 10-’1 fi.g~ . 1 0 - 1 7.S(j . 10-) ~,s,q .10-3 _~.~  . 10-~:  ~.~ . 1 0 - 6

2 Cyg x-l 2.10-’1 ~,()[) .10--1 l.(jN .  10-2 l.(jS .  lo-~ 0.9 .10-5 1.7 .10-5

3 Cyg X-3 2 .10-5 (),57 . 1 0 - 5 2.s:1 . 10-~ 2.s2 . 10-~
4 G.C. 1 “  10-’1 (),g(l  , 10-’1

–1..1.  1 0- 5  2.8. ]o-5

3,1.’3. 10-j  :l,l(j. lo-~  – 1 . 1  . 1 0 - 5  3 . 2  . 1 0 - 5
5  u ] . ] ) :] # ]()-6 :j.1~.  lo–~i .].f)~ . ]()-1 .[{):’  . lo-l ].2. ]()-7 4.9 .10-’



Fig. 1.— Strong sourc~?  (CIralJ nclJIIla)  aIId I)acl;grolll](l  sl)(~[~i~ (1-(l(Jt(Y(or sum) for lIEAO 3. ‘The d a s h e d
line is the 1 u noise level due to l’oissorl  stal  istics, for a collli]l~ll{t]l  olm?rva~ion of CygIlus X-1, a source in a
favorable position for observation.

Fig. 2.— Two-week azimuthal data accullllilat  ion sllofril)g  111.’.10 J coul]t rates  versus scan ang]c for an
energy band  centered on tllc 667 and (;68 li(,V  I)acligro(lad  Iillcs. I)ata away f’rom the SAA, taken  within 80°
of tl]e zenith, and with tl)e h’Ic Illvail]  paranlcter  1, < 1 .(j, Ivcrc us(d.

Fig. 3.— histograms of sirnulatml  coutlt rate mtiln:ihx obtained for 100 Monte Carlo trials of a typical
l{EA O 3 observation consisting of 1000 source sca I Is, ill IIIe presence of a strong  background, when analyzed
by first accumulating counts (top) and by first sul)tractillg  b~cligrotltld  (bottom). The actual uncertainties
are the RNIS widths of the histograms. ‘1’lle apl)arellt,  errors arc obtained assumilig  Poisson statistics. The

“upper histogram is hroadcllcd  I)y a factor  of 1.5 Ivit II rwI)t:ct  to I)ot l) its clailncd  utlcertai)lty  and to the lower
panel.

l“ig. 4--- Coml)arisoll  of 111,’,10  J tlllillj’~t% I)y III( (:1) Slll){ll)[)silic)ll, (111(1 (1, ) stall-l)y-seal) tncthods,  for the
energy region containing  tllc strong 607-t;[jS lil\’ l)ilCli~l’t)lllltl  Iill(s, fOr III(’ (;alactic c{’lltcr source (c-f Figure
2).  Note t i le  clilnillatiol)  of (I]r  strong  r[siclll:ll Iill, l’,;, I!,, S(X:II  ill (a), tvlI(’11 tllc stall-by-stall analysis
mctllod  is used.

Fig. 5.— I.ive tillle  and response functions  for a tylJiCill //1.’.10 Y sca II. it) I,ivc tilne  in bin, s; b) Aperture
response for Cygnus X–1, norn~alizcd  to 1.0 011 axis;  c) Sal])r  as 1)), Ior Cyg IIus  X- 3; d) Sanle as b), for the
Galactic center; e) Grrmaniun)  (J1, I) rate s- 1.

F i g .  6 . -  illonte  C:]rlo  stII(ly sllowi[]~  III( l’oiswll I)ios. ‘I’ll, lli~t(l~l’i~llls  [it’, of ra(,, t,stiillatcs, f o r  a sil,,l~]c

l-paralncter prol)lctll  d{’scril)cd ill t h e  lest, l’br I lit’ Sill ll(> 2 1, ( ) ( )0 sc(s of silllulated  data, a n a l y z e d  i n  t w o

ways: (a)  using the ~li % u: ;ll>l~roxillliltioll  !.0 (,s(iltt;lh 1.IIc uilcertaillli(w,  atl{l (1)),  after iterating the so lu t ion

twice with the uncertairlt,ies  I)MCKI  on tllc exl~(’c[etl coi]llls l~i frotn tile 1110(101, rather than directly on the
da ta ,  ‘1’lIc  ]neans of tllc two Ilistogra]]]s differ  frolll t II, (r(le  val IIc ( 143.7S couIIt  s-1) by –1’iOa  and –0.34c,
respectively.

Fig. 7.–- IIistograllw  of sin~l]lat.(d (IIIX  cst il]lii(,,s  lbr I II(>  5-l~:II:IIIIIIIr  II IO(IP1  ot’ l~igllre  5, with count, r a t e s
adjusted to ,givc x 100, x 1, and x 0,01 co~lnts  ])(,c l~ill, ‘1’llc II I(:IIIS :iII[l Iricltlls  of tile I]istograms  agree wit]]
tile theory independent of CO IIII[ ralc. l:or t II(L Iotv coi III[ I,;Il(~ C:IW, :Il)ollt  70(X of LIIC scans have no counts
at all; tllc shape of tile (Iistril)lltioll  is (Iiscllw(,(l  ill III{,  1(, s1.

Fig. 8--- ‘1’yI)iCill IIistograll]  of /l F;.lo .1 sillgl[,->c:lll  IIIIX ,,slil]];,lts, sl;ltl~lar(liz(,(l  ;IS described in tile text,
for a source with IIO dct(ctal~le  [111x,

.)r,-.
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